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Preface

These are the lecture notes for the mastermath course “Symplectic Geometry” that
we are giving at Utrecht University in the second semester of the academic year 2016/
2017. These notes are based on the books “Introduction to symplectic topology” by
D. McDuff and D.A. Salamon [MS98], and “Lectures on Symplectic Geometry” by
A. Cannas da Silva [CdS01], available under http://www.math.ethz.ch/~acannas/

Papers/lsg.pdf (revised version).

Symplectic geometry has its roots in the Hamiltonian formulation of classical me-
chanics. The canonical symplectic form on phase space occurs in Hamilton’s equation.
Symplectic geometry studies local and global properties of symplectic forms and Hamil-
tonian systems. A famous conjecture by Arnol’d, for instance, gives a lower bound on
the number of periodic orbits of a Hamiltonian system. There are deep connections
between symplectic geometry and the theory of dynamical systems, algebraic geometry
and modern physics, for example string theory.

This course will focus on the foundations of symplectic geometry:

� linear symplectic geometry

� canonical symplectic form on a cotangent bundle

� symplectic manifolds, (co-)isotropic and Lagrangian submanifolds

� Moser’s isotopy method

� Darboux’s theorem

� Weinstein’s neighbourhood theorem for a submanifold of symplectic manifold

� Hamiltonian group actions, momentum maps, and symplectic reduction

� coadjoint orbits

We will also develop the basics of contact geometry and explain connections to classical
mechanics, such as Noether’s theorem and reduction of degrees of freedom.

Feedback about these notes, for example regarding mistakes, is always welcome! You
may send such feedback to f.ziltener@uu.nl . We thank Maarten Mol for spotting some

http://www.math.ethz.ch/~acannas/Papers/lsg.pdf
http://www.math.ethz.ch/~acannas/Papers/lsg.pdf
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mistakes.

Note that these notes are for your personal use only. Please do not distribute
them. We hope that you will enjoy reading our notes.

Federica Pasquotto (VU Amsterdam) and Fabian Ziltener (Universiteit Utrecht)



Chapter 1

Symplectic linear algebra

As we saw on the first session of the course, geometric structures on manifolds often
induce some linear structure at each point. In this chapter we will look at the linear
counterpart of Symplectic Geometry.

1.1 Review of bilinear maps

A symplectic form (which we will define in the next Section) is a particular type of
bilinear map. As such, it is worth recalling some general properties of bilinear maps
first.

Non-degeneracy

Let V be a finite-dimensional, real vector space. Any bilinear map h : V × V → R
defines a linear map as follows:

[h : V → V ∗

v → [h(v)(·) = h(v, ·).

This process is called currying.

Definition 1.1. A bilinear map h : V × V → R is said to be non-degenerate if the
map [h : V → V ∗ is an isomorphism of vector spaces.

One should avoid picking a basis, but just as a reality check:

Lemma 1.2. Fix a basis of V . Then, non-degenerate bilinear maps correspond to
matrices with non-zero determinant.

1



2 CHAPTER 1. SYMPLECTIC LINEAR ALGEBRA

Proof. Once a basis of V is fixed we have an identification V ∼= Rn. We further identify
Rn ∼= (Rn)∗ using the standard scalar product. Then, the matrices representing the
bilinear map h and the linear map [h are the same. [h is an isomorphism if and only
if its determinant is non-zero.

Example 1.3. A scalar product in a real vector space is a bilinear map that is symmetric
and positive-definite. Positive-definiteness implies non-degeneracy.

Remark 1.4. Note that we could consider the map

h[(·) = h(·, v) : V → V ∗

instead of [h. If h is symmetric, we have that h[ = [h. If h is skew-symmetric, then

h[ = −[h. This simple relationship between [h and h[ is what makes the theory of
symmetric and skew-symmetric bilinear maps much cleaner than the general case. See
the next remark and also Remark 1.42.

Remark 1.5. In general, we have the following: Let 〈·, ·〉 be a scalar product in V (for
instance, find a basis of V and pick the standard one). Then h can be represented by
a linear map H : V → V using the expression

h(u, v) = 〈H(u), v〉 = 〈u,H t(v)〉,

where H t denotes the adjoint (for the standard inner product this is just the transpose).
That is:

[h(u)(·) = 〈H(u), ·〉, h[(u)(·) = 〈H t(u), ·〉.

As such, [h is an isomorphism if and only if h[ is an isomorphism.

Pullback

Recall that linear maps act by pullback on the space of bilinear maps:

Definition 1.6. Let V and V ′ be real vector spaces. Let h : V ′× V ′ → R be a bilinear
map. Given a linear map Ψ : V → V ′, we define the pullback of h by Ψ to be the
bilinear map:

Ψ∗h : V × V → R

Ψ∗h(v, w) = h(Ψ(v),Ψ(w)).

In particular, if W is a subspace of V , the restriction h|W is exactly the pullback of h
by the inclusion.

Remark 1.7. Choose bases for the real vector spaces V and V ′. Let h : V ′ × V ′ → R
be given by a matrix A and Ψ : V → V ′ by a matrix B. Then the pullback Ψ∗h
corresponds to the matrix BtAB, which is congruent to A.
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Example 1.8. You may recall that any symmetric bilinear map h can be diagonalised
by a change of basis. In this new basis, h corresponds to a diagonal matrix whose
entries are either +1, −1, or 0. The signature of h is the triple (a, b, c) where a is the
number of +1 entries, b the number of −1 entries, and c the number of zeroes. h is
non-degenerate if and only if c = 0. h is a scalar product if and only if b = c = 0.

A more intrinsic way of phrasing this is as follows: Let (V, h) and (V ′, h′) be vector
spaces of the same dimension endowed with symmetric bilinear forms of the same
signature. Then, there exists Φ : V → V ′ such that Φ∗h′ = h. I.e. the signature
completely classifies the symmetric bilinear forms up to isomorphism. Later on we will
see the analogous statement for skew-symmetric forms.

Automorphisms

Once we fix a bilinear map (and having explained how linear maps act on them) it
makes sense to look at its space of automorphisms (i.e. those transformations of the
vector space that preserve the bilinear map).

Definition 1.9. Let (V, h) be a real vector space endowed with a bilinear map h :
V × V → R. We denote by Lin(V, h) ⊂ Lin(V ) the space of linear maps Ψ : V → V
satisfying Ψ∗h = h.

We write Aut(V, h) ⊂ Lin(V, h)∩GL(V ) for the subspace of invertible maps preserving
h.

Remark 1.10. Choose a basis of V , so the bilinear map h : V × V → R is given by a
matrix A. Let Ψ : V → V be given by a matrix B. Then Ψ is an automorphism if and
only if BtAB = A.

Remark 1.11. If h is a scalar product, Aut(V, h) and Lin(V, h) agree and they are
simply the good old orthogonal group O(V, h).

In fact, many of the properties of scalar products apply to general non-degenerate
bilinear maps:

Homework 1.12. Show that, if h is non-degenerate:

a. Any Ψ ∈ Lin(V, h) is invertible. I.e. Aut(V, h) = Lin(V, h).

b. Further, any Ψ ∈ Aut(V, h) = Lin(V, h) satisfies det(Ψ) = ±1.

c. Aut(V, h) is a subgroup of GL(V ).

Remark 1.13. According to item (b) in the previous exercise: a linear transformation
preserving a non-degenerate bilinear map preserves volume as well, but only up to sign.
You should compare this to the next subsection.
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Remark 1.14. In particular, if h is a scalar product, the orthogonal group O(V, h) =
Aut(V, h) is the union of the special orthogonal group SO(V, h) (which preserves ori-
entation) and its copy (−Id) SO(V, h) (which does not).

Volume

We will show now that a non-degenerate bilinear map defines a volume form up to
sign. You may skip this Subsection, since it will not appear in the hand-in exercises
nor the exam. Nonetheless, you should remind yourself what a volume form is, because
it will appear later.

We start with warm-up exercise in Euclidean geometry:

Homework 1.15. Let A be a matrix. The Euclidean volume of the parallelepiped
defined by its columns is | det(A)|.

What this tells us is the following: there is no intrinsic way of measuring volume in an
abstract vector space. However, once we choose a basis, and therefore an identification
with Euclidean space, we may use the determinant to compute volumes.

In detail: Let V be an n-dimensional vector space and let {v1, · · · , vn} be a basis. Given
any parallelepiped P whose sides are another basis {v′1, · · · , v′n} of V , we can find a
matrix A whose columns are the v′i written in the coordinates provided by {v1, · · · , vn}.
Then P has volume | det(A)| (with respect to the basis {v1, · · · , vn}).

Algebraically it is nicer to use det(A) as a measure of volume (since the determinant is
linear in each entry but its absolute value is not). The effect of this is that the volume
of P will be positive (resp. negative) if {v′1, · · · , v′n} is a positively (resp. negatively)
oriented basis. For instance:

� The volume of the unit cube {v1, · · · , vn} is precisely 1.

� The volume of {−v1, · · · , vn} and {v2, v1, · · · , vn} is −1.

� A basis {v′1, · · · , v′n} defines a parallelogram of volume 1 if and only if the corre-
sponding matrix lies in the special linear group SL(V ).

� We can define another notion of volume using {v′1, · · · , v′n} as the reference basis
instead. This new volume agrees with the old one given by {v1, · · · , vn} if and
only if the matrix corresponding to {v′1, · · · , v′n} lies in SL(V ).

Let V be an n-dimensional vector space. Its top exterior power ∧nV is the vector
space spanned by expressions of the form v1 ∧ · · · ∧ vn, with {v1, · · · , vn} a basis of V ,
subject to the equivalence relation:



1.1. REVIEW OF BILINEAR MAPS 5

� v1 ∧ · · · ∧ vn = v′1 ∧ · · · ∧ v′n if and only if they have the same volume.

As such, ∧nV can be identified (but not canonically) with the space of volumes, which
is a 1-dimensional real vector space.

Consider a non-degenerate bilinear map h : V × V → R. The map h acts on the top
exterior power of V as follows:

(∧nh) : ∧nV → ∧nV ∗

(∧nh)(v1 ∧ · · · ∧ vn) = [h(v1) ∧ · · · ∧ [h(vn),

for any basis {v1, · · · , vn} of V . The properties we introduced above imply that:

Lemma 1.16. The map ∧nh is a well-defined linear isomorphism.

Remark 1.17. One can introduce in fact other vector spaces ∧kV , k ≤ n, called the
k-th exterior powers. You may have seen them defined already as quotients of the
tensor algebra of V .

Alternatively, one can define them geometrically as follows: The generators of ∧kV are
expressions of the form v1 ∧ · · · ∧ vk. Two such expressions define the same element iff
they determine the same vector subspace W and also the same volume on W . We can
multiply any expression by a scalar by multiplying any of its vectors. We can also add
any two expressions if (k − 1) of their entries agree.

Then, we can define as well maps (∧kh) : ∧kV → ∧kV ∗.

The punchline is that a bilinear map, together with an orientation, gives us a way of
measuring volume:

Definition 1.18. Let V be an n-dimensional real vector space endowed with an ori-
entation. The volume form associated to a non-degenerate bilinear map h is the
map

Vol(h) : ∧nV → R

defined by:

Vol(h)(v1 ∧ · · · ∧ vn) = ±
√
|(∧nh)(v1 ∧ · · · ∧ vn)(v1 ∧ · · · ∧ vn)|

where the sign is positive (resp. negative) if {v1, · · · , vn} induces the desired (resp.
opposite) orientation.

Lemma 1.19. The map Vol(h) is linear.
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Proof. If we multiply v1 ∧ · · · ∧ vn by a positive scalar λ the expression√
| ∧n h(v1 ∧ · · · ∧ vn)(v1 ∧ · · · ∧ vn)|

gets multiplied by λ. This shows R+ linearity.

Now the key point is that his expression is always positive, and in particular it yields
the same result for v1 ∧ · · · ∧ vn and −v1 ∧ · · · ∧ vn. This says that we need to make a
sign choice if we want to preserve linearity. This justifies our definition.

Remark 1.20. From the proof we see that if we forget the orientation, h still defines
a volume up to sign. This is equivalent to the fact that det(Ψ) = ±1 for any Ψ ∈
Aut(V, h). I.e. automorphisms of h preserve Vol(h) up to sign.

Remark 1.21. In particular: if h is a scalar product and {v1, · · · , vn} is an orthonormal
basis, then Vol(h)(v1 ∧ · · · ∧ vn) = ±1, depending on our choice of orientation.

Remark 1.22. Let V = R2n be endowed with the standard orientation and inner prod-
uct. Represent the bilinear map h by a matrix H. Then

Vol(h)(e1 ∧ · · · en) =
√
| det(H)|.

Remark 1.23. One could define a notion of volume using h[ instead of [h. Both defini-
tions yield the same result.

Homework 1.24. Check the previous lemmas and remarks.

1.2 Symplectic vector spaces

We have taken a general look at bilinear maps. We have payed special attention to
the symmetric case, which you probably knew already. We will henceforth focus on
the skew-symmetric case:

Definition 1.25. Let V be a finite-dimensional, real vector space. A non-degenerate
bilinear map ω : V × V → R is said to be a (linear) symplectic form if it is skew-
symmetric, i.e. ω(v, w) = −ω(w, v) for all v, w ∈ V .

The pair (V, ω) is said to be a symplectic vector space.

Example 1.26. Let C ∼= R2 be the complex plane. The bilinear map:

ωstd(v, w) = v1w2 − v2w1 =
(
v1 v2

)( 0 1
−1 0

)(
w1

w2

)
is a symplectic form. We call it the standard area form or standard symplectic
form. You should observe that:

ωstd(e1, e2) = 1, ωstd(ei, ei) = 0, ωstd(e2, e1) = −1
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That is, it measures the standard area in the complex plane (taking into account the
complex orientation).

Example 1.27. Let (V, ω) and (V ′, ω′) be symplectic vector spaces. Then, (V ⊕V ′, ω⊕
ω′) is symplectic too.

Example 1.28. We define the standard symplectic structure on R2n ∼= Cn to be:

(Cn, ωstd) = ⊕n(C, ωstd).

Explicitely, if v, w ∈ R2n:

ωstd(v, w) =
n∑
i=1

v2i−1w2i − v2iw2i−1 =

(
v1 v2 · · · v2n

)


0 1
−1 0

0 1
−1 0

· · ·
0 1
−1 0




w1

w2

· · ·
w2n

 .

That is, we measure the standard complex area on each complex line (we will explain
this a bit more in detail in the next session). The idea you should have is that symplec-
tic forms are a good way of measuring areas in complex vector spaces. This justifies
the link between symplectic and complex geometry.

Example 1.29. Let L be a finite-dimensional, real vector space, and L∗ its dual space.
Then the canonical linear symplectic form on L× L∗ is given by

ωL((v, α), (v′, α′)) = α′(v)− α(v′).

In Hamiltonian mechanics one works in phase space, which is the cotangent of a mani-
fold. L⊕ L∗ is the linear analogue of this.

We will see later in Section 1.4 that symplectic vector spaces are always even-dimensional
and are classified, up to isomorphism, by their dimension. That is, we have already
introduced all the finite dimensional symplectic vector spaces that exist! Compare this
to Example 1.8.

Homework 1.30. Prove that in the examples above the form ω is indeed skew-symmetric
and non-degenerate. Find an isomorphism between ωstd and ωL (choosing the dimen-
sions appropriately).
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Presymplectic forms and reduction

For some purposes we will need to look at the following weaker notion:

Definition 1.31. Let V be a finite-dimensional, real vector space. A (possibly degen-
erate) bilinear map ω : V × V → R is said to be a (linear) presymplectic form if it
is skew-symmetric, i.e. ω(v, w) = −ω(w, v) for all v, w ∈ V .

The pair (V, ω) is said to be a presymplectic vector space.

Example 1.32. Let (V, ω) be a symplectic vector space. Then (V ⊕ Rk, ω ⊕ 0) is a
presymplectic vector space.

We can measure how far away a presymplectic form is from being symplectic:

Definition 1.33. Let (V, ω) be a presymplectic vector space. The kernel of ω is the
subspace:

ker(ω) = {v ∈ V : ω(v, w) = 0 for all w ∈ V } = ker([ω) = ker(ω[).

The corank of ω is the number dim(ker([ω)). The rank is the number dim(im([ω)).

Quotienting by the kernel yields a symplectic vector space:

Definition 1.34. Let (V, ω) be a presymplectic vector space and let π : V → V/ ker(ω)
be the quotient map. The symplectic vector space (V/ ker(ω), ω̃), where:

ω̃(π(v), π(w)) = ω(v, w), for all v, w ∈ V

is called the symplectic reduction of (V, ω).

Homework 1.35. Show that the previous definition is well-defined:

a. The rank of ω is the dimension of the quotient space V/ ker(ω).

b. The rank of ω is the dimension of the largest subspace W ⊂ V such that ω|W is
non-degenerate. Characterise all such W .

c. There is a unique symplectic form ω̃ on V/ ker(ω) such that π∗ω̃ = ω.

d. In particular, let W be as in (b). The composition π ◦ i : W → V → V/ ker(ω)
of the inclusion and the quotient map is a linear symplectomorphism.

e. (V, ω) is isomorphic to (V/ ker(ω), ω̃)⊕ (ker(ω), 0).
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Remark 1.36. The notion of kernel can be defined in an analogous fashion if h is instead
a symmetric (but degenerate) bilinear map. The statements we have shown work in
an analogous fashion. However, if h is neither symmetric nor skew-symmetric, we are
forced to define a kernel from the left and a kernel from the right. We can quotient by
the intersection of the two.

Refer to Remark 1.42 below.

Orthogonality

The following notion mimicks the notion of orthogonality for scalar products:

Definition 1.37. Let (V, ω) be a real symplectic vector space. Let W ⊂ V a linear
subspace. The ω-orthogonal of W is the subspace:

W ω = {v ∈ V : ω(v, w) = 0 for all w ∈ W}.

The ω-orthogonal corresponds to the annihilator under the isomorphism [h:

Lemma 1.38. Let (V, ω) be a real symplectic vector space. Let W ⊂ V be a linear
subspace and i : W → V the inclusion. Then:

� The map [ω|Wω : W ω → Ann(W ) is an isomorphism of vector spaces.

� The subspace W ω is the kernel of i∗ ◦ [ω : V → V ∗ → W ∗.

Proof. The elements of Ann(W ) ⊂ V ∗, the annihilator of W , are those forms α ∈
V ∗ such that α(w) = 0 for every w ∈ W . Under the isomorphism [ω, any such α
corresponds to some v ∈ V such that ω(v, ·) = α(·) vanishes on W . Such v form the
subspace W ω.

That proves the first claim. For the second one, observe that the kernel of V ∗ → W ∗

is Ann(W ) and apply the first claim.

Remark 1.39. W and W ω are not necessarily transverse, as is the case for a subspace
and its orthogonal complement in a linear space with an inner product. In the next
Section 1.3 we will look more into this.

Lemma 1.40. Let (V, ω) be a real symplectic vector space. For any linear subspace
W ⊂ V we have that:

dim(W ) + dim(W ω) = dim(V ).

Proof. It follows from the identity dim(W ) + dim(Ann(W )) = dim(V ).
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Corollary 1.41. Let (V, ω) be a real symplectic vector space. For any linear subspace
W ⊂ V :

(W ω)ω = W.

Proof. The inclusion W ⊂ (W ω)ω is clear from the definitions of orthogonality. The
equality follows because they have the same dimension according to the previous
lemma.

Remark 1.42. Much of what we have just done can be defined for a general bilinear
map h : V × V → R. If h is non-degenerate and symmetric, the statements are the
same. However, if h is neither symmetric nor skew-symmetric, the story is more subtle.
In that case, the maps [h and h[ identify different subspaces of V with Ann(W ); this
means that there is an h-orthogonal from the right and another (possibly different)
from the left.

1.3 Subspaces of a symplectic vector space

If (V, g) is a vector space with a scalar product, we can restrict g to each subspace W ⊂
V . Regardless of the W we choose, g|W will be a scalar product again. For a symplectic
vector space (V, ω), this is not true anymore: All subspaces W are presymplectic, but
they differ from one another by how degenerate ω|W is.

Definition 1.43. Let W be a linear subspace of a symplectic vector space (V, ω). We
call W :

(i) symplectic if W ∩W ω = {0};

(ii) isotropic if W ⊂ W ω;

(iii) coisotropic if W ω ⊂ W ;

(iv) Lagrangian if W = W ω.

One can characterise these conditions in the following (perhaps more intuitive) ways:

Lemma 1.44. Let W be a linear subspace of a symplectic vector space (V, ω). Then

1. W is symplectic if and only if ω|W is non-degenerate (i.e. symplectic).

2. W is symplectic if and only if W ω is symplectic.

3. W is isotropic if and only if ω|W is zero.
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4. W is isotropic if and only if W ω is coisotropic.

Proof. Claims (2) and (4) follow from the definition by taking orthogonals.

Claim (1) works as follows. Let i : W → V be the inclusion map and i∗ : V ∗ → W ∗

be the dual projection. Recall that the map [ω : V → V ∗ is an isomorphism. The
composition i∗ ◦ [ω : V → W ∗ is surjective and its kernel is W ω.

Now we observe that [ω|W : W → W ∗ is precisely i∗ ◦ [ω ◦ i, whose kernel is then
W ∩W ω. (W,ω|W ) is symplectic if and only if [ω|W is an isomorphism if and only if
W ∩W ω = {0}. This concludes the claim. Claim (3) is similar.

The Lagrangian case is slightly more involved:

Lemma 1.45. Let L be a linear subspace of a symplectic vector space. Then the
following conditions are equivalent:

� L is Lagrangian.

� L is a maximal isotropic subspace, i.e. it is isotropic and it is not contained in
an isotropic subspace of strictly larger dimension.

Proof. Let L be Lagrangian. By definition it is isotropic and, additionally, [ω(v) 6=
0 ∈ L∗ for every v /∈ L = Lω. Therefore, for all v /∈ L, the subspace L ⊕ 〈v〉 is not
isotropic. L is thus maximal.

Conversely, suppose L is maximal isotropic. Maximality implies that for every v /∈ L
it must hold that [ω(v) 6= 0 ∈ L∗. This means that L is coisotropic as well as isotropic.
It is therefore Lagrangian.

You should note that not all possible cases are covered by the previous list! Indeed,
there are subspaces such that W and W ω intersect non-trivially and are not contained
in one another. I recommend that you check:

Example 1.46. For the standard symplectic structure

(R2n, ωstd(v, w) =
n∑
i=1

v2i−1w2i − v2iw2i−1) :

� The subspaces R2k × {0} ⊂ R2n are symplectic for all k = 0, · · · , n.

� The subspaces (R× {0})k × {0} are isotropic for all k = 0, · · · , n.
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� The subspace (R× {0})n is Lagrangian.

� The subspaces R2k × (R× {0})n−k are coisotropic for all k = 0, · · · , n.

� The subspaces R2k × (R× {0})n−j × {0} are none of the above for all k + j < n.

� Every 1-dimensional subspace is isotropic and every codimension 1 subspace is
coisotropic.

Example 1.47. Recall the canonical symplectic structure ωL in L×L∗. The subspaces
L× 0 and 0× L∗ are Lagrangian.

Using the language of symplectic subspaces we may now prove:

Proposition 1.48. All finite dimensional symplectic vector spaces have even dimen-
sion.

Proof. Let m be the dimension of the symplectic vector space (V, ω). The proof works
by induction: we assume all symplectic vector spaces of dimension i < m have even
dimension. Note that 1-dimensional spaces cannot be symplectic because any skew-
symmetric bilinear map in a 1-dim space is zero; this covers the base case.

Now we assume m ≥ 3. Given any vector v ∈ V , there is w ∈ V such that ω(v, w) > 0.
This follows from symplecticity. The subspace W = 〈v, w〉 ⊂ V is then symplectic of
dimension 2. Similarly, W ω is symplectic of dimension m−2. The induction hypothesis
applies to W ω, so we deduce that m− 2 is even, and so is m.

Reduction of coisotropics

We can see now how symplectic reduction particularises to submanifolds of a symplectic
manifold.

Lemma 1.49. Let W be a coisotropic subspace of the symplectic vector space (V, ω).
Then, the kernel of ω|W is its orthogonal W ω.

Proof. Given any subspace W , the kernel of ω|W is W ∩W ω. Since W is coisotropic,
we have W ∩W ω = W ω.

Just like for general presymplectic forms, we can then consider the symplectic reduction
(W/W ω, ω̃) of (W,ω|W ). This is also called the symplectic quotient or the reduced
space.

We can study how reduction interacts with Lagrangian subspaces:
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Lemma 1.50. Suppose W ⊂ V is coisotropic and L is a Lagrangian subspace of V .
Then the image of L ∩W under the reduction map π : W → W/W ω is a Lagrangian
subspace of W/W ω.

Proof. We claim that it is sufficient to prove the statement for Lagrangians contained
in W : Indeed, first we note that π(L ∩W ) = π(L̃), where L̃ = (L ∩W ) + W ω. The
subspace L̃ ⊂ W ⊂ V is Lagrangian: L̃ω = (L + W ω) ∩W = L̃. Now we just have to
prove the statement for L̃.

Observe that π(L̃) is certainly isotropic, we will now show that it is maximal too.
Assume otherwise: then there is w̃ ∈ W/W ω such that [ω̃(w̃) vanishes on π(L̃). Then
for any preimage of w ∈ W of w̃, we have that [ω(w) vanishes on L̃. This contradicts
maximality of L̃.

Remark 1.51. We shall see later that there exists an analogous notion of symplectic
reduction for coisotropic submanifolds of a symplectic manifold.

1.4 Classification of symplectic vector spaces

Once we fix a scalar product, we study those transformations of the vector space that
preserve it: the isometries. We can do the same in the symplectic case, looking at
those maps that preserve the symplectic structure.

Definition 1.52. Let (V, ω) and (V ′, ω′) be symplectic vector spaces. A linear map
Ψ : V → V ′ is said to be symplectic if Ψ∗ω′ = ω.

If Ψ is an isomorphism, we call it a linear symplectomorphism. The space space
of all linear symplectomorphisms is denoted by Sp(V, ω) = Aut(V, ω) and we call it the
symplectic group.

Example 1.53. Recall that ωstd is just the standard area form in C ∼= R2. As such, any
map preserving area in an oriented manner is symplectic. That is, Sp(C, ωstd) = SL(2).
In particular, rotation around the origin by an angle θ is a linear symplectomorphism.

Symplectic vector spaces are classified, up to linear symplectomorphism, by their di-
mension:

Theorem 1.54. Two real symplectic vector spaces are isomorphic if and only if they
have the same dimension.

Proof. We use the approach from Proposition 1.48. We proceed by induction on n:
our induction hypothesis is that the statement is true for all dimensions 2i with i < n.
The base case n = 0 is immediate, because all vector spaces involved are just a point.
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Let 2n be the dimension of the symplectic vector spaces (V, ω) and (V ′, ω′). As in the
previous proposition, we find symplectic subspaces W ⊂ V and W ′ ⊂ V ′ of dimension
2. Then the subspaces W ω and (W ′)ω

′
are symplectic of dimension 2n−2. We conclude

by applying the induction hypothesis twice, yielding linear symplectomorphisms Ψ :
(W,ω)→ (W ′, ω′) and Φ : (W ω, ω)→ ((W ′)ω

′
, ω′). Then:

Ψ⊕ Φ : (V, ω) = (W,ω)⊕ (W ω, ω)→ (V ′, ω′) = (W ′, ω′)⊕ ((W ′)ω
′
, ω′)

is the linear symplectomorphism we wanted.

The rest of this Section is dedicated to corollaries and improvements of this result.

Symplectic bases

Corollary 1.55. Any symplectic vector space of dimension 2n is isomorphic to the
standard symplectic vector space (R2n, ωstd); see Example 1.28.

This statement is the linear version of Darboux’s theorem: any symplectic manifold
looks locally like (R2n, ωstd). I.e. symplectic manifolds lack local invariants.

Definition 1.56. Let (V, ω) be a symplectic vector space. Let (v1, v2, · · · , v2n) be a
basis of V and let Ψ : V → R2n be the linear map Ψ(vi) = ei it defines. The basis is
said to be standard if Ψ∗ωstd = ω holds.

I.e. a basis is standard if ω looks like ωstd when expressed in such a basis.

Classification of presymplectic vector spaces

The classification of symplectic vector spaces can be adapted to the more general case:

Homework 1.57. Let (V, ω) be a presymplectic vector space. Then:

� The rank of ω is an even number. Denote it by 2n.

� For some k, there is a vector space isomorphism

Φ : (V, ω)→ (R2n × Rk, ωstd × 0).

I.e. presymplectic vector spaces are classified by their dimension and rank.
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Lagrangian subspaces

There is a unique symplectic vector space in each even dimension. Similarly, there is
a unique lagrangian subspace:

Proposition 1.58. Given a symplectic vector space (V, ω) and a Lagrangian subspace
L ⊂ V , we can find a linear symplectomorphism

Φ : (V, ω)→ (L× L∗, ωL)

such that Φ(L) = L× {0}.

Proof. The argument mimicks the proof of Proposition 1.48. The induction hypoth-
esis is that the statement is true for all Lagrangian subspaces of a lower dimensional
symplectic space.

Pick v ∈ L and then choose L′ ⊂ L isotropic such that L = 〈v〉 ⊕ L′. The orthogonal
(L′)ω ⊂ V is coisotropic and contains L (but it must be strictly larger due to the
dimension count). As such, we can pick w ∈ (L′)ω \ L. It must hold that ω(v, w) 6=
0, because otherwise (L′)ω would be isotropic, which contradicts the fact that L is
Lagrangian.

Now W = 〈v, w〉 is a 2-dimensional symplectic subspace. Its orthogonal W ω contains
L′ by construction. We claim that L′ is maximal isotropic (i.e. Lagrangian). Assume
otherwise: then there exists A ⊃ L′ contained in W ω which is isotropic. But then
〈v〉 ⊕ A is isotropic too and it contains L, contradicting the maximality of L.

Now we apply the induction hypothesis to the pairs (W, 〈v〉) and (W ω, L′) to conclude.

We will see later, during our study of symplectic manifolds, that Lagrangian submani-
folds have a unique local model; this is known as Weinstein’s Lagrangian neighborhood
theorem. The result we just proved can be regarded as the linear version of it.

Corollary 1.59. Let (V, ω) be a symplectic vector space and L a Lagrangian subspace.
Then there exists L̃ Lagrangian and complementary to L.

Remark 1.60. In the section on compatible complex structures we will see another way
to construct a Lagrangian complement of a given Lagrangian subspace.

Corollary 1.61. Let (V, ω) be a 2n-dimensional symplectic vector space and W a
subspace. Then:

� If W is Lagrangian then dim(W ) = n.
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� If W is isotropic then dim(W ) ≤ n.

� If W is coisotropic then dim(W ) ≥ n.

Proof. The first statement follows from the uniqueness of Lagrangian subspaces. The
second follows because maximal isotropics are Lagrangians. The third one follows by
the dimension formula and the fact that W ω would be isotropic.

There is a correspondence between Lagrangian subspaces and linear symplectomor-
phisms:

Homework 1.62. Let (V, ω) be a symplectic vector space, Ψ : V → V a linear map.
Prove that Ψ is a linear symplectomorphism if and only if

ΓΨ = {(v,Ψ(v)) : v ∈ V }

is a Lagrangian subspace of (V × V, (−ω)⊕ ω).

Homework 1.63. We want to show that Sp(V, ω) is not compact. To do this:

� Observe that (V, ω) is isomorphic to (L⊕ L∗, ωL), for some L.

� Given A ∈ GL(L), show that A⊕(A−1)∗ is a symplectomorphism of (L⊕L∗, ωL).
Here A∗ ∈ GL(L∗) is the dual of A.

� Therefore, there is an embedding GL(L) → Sp(L ⊕ L∗, ωL). Use the non-
compactness of GL(L) to exhibit a diverging sequence in Sp(L⊕ L∗, ωL).

Volume form associated to a symplectic form

Using the identification with the standard model provided by Theorem 1.54, we may
now prove:

Corollary 1.64. A skew-symmetric bilinear form ω on a 2n-dimensional vector space
V is non-degenerate (i.e. symplectic) if and only if

ωn = ω ∧ . . . ∧ ω 6= 0.

Proof. If ω is degenerate, then there exists v 6= 0 such that ω(v, w) = 0 for all w ∈ V .
Extend v to a basis {v1 = v, v2, . . . , v2n} of V , then ωn(v1, . . . , v2n) = 0.

If ω is non-degenerate, then there exists a linear symplectomorphism Φ : R2n → V
such that Φ∗ω = ωstd and hence also Φ∗(ωn) = ωnstd. The latter does not vanish.
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Homework 1.65. We say that ωn

n!
is the volume associated to the symplectic form ω.

Show that if ωstd is the standard symplectic structure, then
ωnstd
n!

is the usual volume in
R2n.

You should compare Corollary 1.64 with Definition 1.18: any non-degenerate bilinear
map induces a volume form, but only up to sign. In this case, due to skew-symmetry,
our volume actually comes with an orientation for free.

Similarly, compare the following exercise with Homework 1.12:

Homework 1.66. Deduce that if Φ is an automorphism of the symplectic vector space
(V, ω), then det(Φ) = 1. I.e. Φ preserves volume.

This statement is a very important result in Hamiltonian Mechanics/Symplectic Geo-
metry. It is known as Liouville’s theorem: any transformation of a mechanical
system (i.e. any symplectomorphism) is volume-preserving.

1.5 Compatible complex structures

A motivating example

The following example shows that there is a fundamental relationship between scalar
products, symplectic forms, and complex multiplication.

Let us consider a complex vector space V . Recall that a hermitian inner product

〈, 〉 : V × V → C

is defined by the axioms:

� C-linearity in the second argument: 〈v, w + aw′〉 = a〈v, w〉+ 〈v, w′〉.

� Conjugate symmetry: 〈v, w〉 = 〈w, v〉.

� Positive definiteness: 〈v, v〉 ≥ 0 and 〈v, v〉 = 0 if and only if v is the zero vector.

Remark 1.67. Some authors ask instead for C-linearity in the first argument.

Given any hermitian inner product, we can look at the components:

g = πR ◦ 〈, 〉 : V × V → C→ R

iω = πiR ◦ 〈, 〉 : V × V → C→ iR
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by projecting to the real or imaginary parts. We may then write:

〈v, w〉 = g(v, w) + iω(v, w).

We will now show that g and ω are bilinear maps V × V → R.

Remark 1.68. Observe that V is a real vector space in particular. When we regard it
as such, multiplication by i is not anymore a multiplication by a scalar. However, it is
still a linear map i : V → V .

Lemma 1.69. The map g : V × V → R is a scalar product.

Proof. C-linearity of 〈, 〉 implies R-linearity and therefore R-linearity of g. From conju-
gate symmetry of 〈, 〉, we deduce that its real part g is symmetric. Finally, we observe
that 〈v, v〉 is a real number and therefore agrees with g(v, v). Thus, g is positive
definite.

Lemma 1.70. The maps g, ω, and i are related as follows:

g(v, w) = ω(v, iw), ω(v, w) = −g(v, iw),

g(v, w) = −ω(iv, w), ω(v, w) = g(iv, w).

g(v, w) = g(iv, iw), ω(v, w) = ω(iv, iw).

Proof. We use linearity and conjugate symmetry. Then we identify real and imaginary
parts:

g(v, iw) + iω(v, iw) = 〈v, iw〉 = i〈v, w〉 = −ω(v, w) + ig(v, w).

Similarly:

g(iv, w) + iω(iv, w) = 〈iv, w〉 = −i〈v, w〉 = ω(v, w)− ig(v, w).

And finally:

g(iv, iw) + iω(iv, iw) = 〈iv, iw〉 = 〈v, w〉 = ω(v, w) + ig(v, w).

Lemma 1.71. The map ω : V × V → R is a symplectic form.

Proof. C-linearity of 〈, 〉 implies R-linearity and therefore R-linearity of ω. From con-
jugate symmetry of 〈, 〉, we deduce that its imaginary part ω is skew-symmetric.

Since g is a scalar product, we deduce that the contraction map [g : V → V ∗ is
a (real) vector space isomorphism. Additionally, complex multiplication is a linear
isomorphism i : V → V of V too. The previous lemma tells us that [ω = [g◦i : V → V ∗

is a composition of these two maps, so it is an isomorphism too. This is precisely the
non-degeneracy of ω.
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Complex structures

We may now generalise the notion of complex multiplication:

Definition 1.72. Let V be a real vector space. A complex structure on V is an
automorphism J : V → V such that J2 = −Id. The space of complex structures is
denoted by J (V ).

However, it is not much of a generalisation:

Lemma 1.73. Complex vector spaces are the same as real vector spaces endowed with
a complex structure.

Proof. Any complex vector space is a real vector space. We can take J to be the
complex multiplication, which is clearly an R-linear map satisfying J2 = −Id.

Conversely: Let (V, J) be a real vector space endowed with a complex structure. To
give V the structure of a complex vector space we just need to explain how to multiply
vectors by complex scalars. Given λ = a+ ib, λ′ = a′ + ib′ ∈ C and v ∈ V we set:

λv = av + bJ(v).

And we check the compatibility of scalar multiplication:

λ(λ′(v)) = λ(a′v + b′J(v)) = (aa′ + ba′)J(v) + ab′J(v) + bb′J2(v) =

(aa′ − bb′)v + (ab′ + ba′)J(v) = (λλ′)v.

The rest of the axioms are clear.

Corollary 1.74. Let (V, J) be a real vector space endowed with a complex structure.
Then:

� V has even real dimension. Denote it by 2n.

� (V, J) is isomorphic to (Cn, i).

Proof. Finite dimensional vector spaces (regardless of the field of scalars) are classified
by their dimension.

When we look at manifolds the story is much more subtle. A manifold with a linear
complex structure at each point is said to be almost complex. In general, almost
complex manifolds are not complex!
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Compatibility

We want to look now to complex structures that interact nicely with symplectic ones,
just like in the example we saw about hermitian forms.

Definition 1.75. A complex structure on a symplectic vector space (V, ω) is called
ω-compatible if g(v, w) = ω(v, J(w)) is an inner product. We say that (ω, J, g) is a
compatible triple on V .

The space of ω-compatible complex structures is denoted by J (V, ω).

Homework 1.76. The standard complex multiplication in Cn ∼= R2n is the map

Jstd : R2n → R2n

Jstd(v1, v2, . . . , v2n−1, v2n) = (−v2, v1, . . . ,−v2n, v2n−1).

Show that:

� Jstd is compatible with the standard symplectic form ωstd and that both are
represented by the same matrix.

� g(v, w) = ωstd(v, Jstd(w)) is the standard Euclidean inner product on R2n.

� (ωstd, Jstd, gstd) defines the standard Hermitian inner product in Cn.

Lemma 1.77. A compatible triple (ω, J, g) defines a Hermitian inner product:

h(v, w) = g(v, w) + iω(v, w).

Proof. R-linearity follows from R-linearity of g and ω. Positive-definiteness and con-
jugate symmetry follow because g is a metric and ω is symplectic. For C-linearity
we have to apply the identity g(v, w) = ω(v, J(w)) and the fact that J is a complex
structure.

Homework 1.78. Check the details of this.

Lemma 1.79. Let (V, ω) be a symplectic vector space and J : V → V a complex
structure. J is ω-compatible if and only if the following conditions hold:

� J is a symplectomorphism.

� ω(v, Jv) > 0 for all non-zero v ∈ V .
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Proof. The first property appeared already in Lemma 1.70. The second one follows
from the fact that g is an inner product. This proves the only if direction.

For the if direction, observe that the second condition implies positive-definiteness of
the corresponding g and the first condition implies symmetry.

Lemma 1.80. Let (V, ω) be an n-dimensional symplectic vector space with (ω, J, g) a
compatible triple. Then:

� Given a Lagrangian subspace L of V , the subspace J(L) is complementary to L
and Lagrangian.

� J(L) is the g-orthogonal of L.

Proof. Since ω(v, w) = ω(J(v), J(w)), L is isotropic if and only if J(L) is isotropic.
Additionally, we have g(v, J(w)) = ω(v, w) for every v, w ∈ L, which implies that J(L)
and L are g-orthogonal (and therefore complementary) if and only if L is isotropic.

Uniqueness of compatible triples

Proposition 1.81. Let (ω, J, g) be a compatible triple on the vector space V . Then,
there exists an isomorphism Φ : R2n → V such that Φ∗ω = ωstd, Φ∗J = Jstd, and
Φ∗g = gstd.

Proof. The metric h(v, w) = g(v, w) + iω(v, w) is Hermitian. By the Gram-Schmidt
orthonormalization process there exists a basis {v1, . . . , vn} of V , as a complex vector
space, that is unitary with respect to h. Define

Φ : R2n → V

Φ(q1, p1, . . . , qn, pn) =
n∑
i=1

(qivi + piJ(vi)).

Then the claim follows by looking at the real and imaginary parts of h.

Corollary 1.82. Let (ω, J, g) be a compatible triple on V . If (ω′, J ′, g′) is another
compatible triple, then there exists an automorphism Ψ : V → V which is symplectic
and satisfies Ψ∗J ′ = J (and hence also Ψ∗g′ = g).
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The 2 out of 3 property

Having shown that Cn with the standard Hermitian product hstd = gstd +iωstd is, up to
isomorphism, the unique vector space of real dimension 2n having a compatible triple,
we may focus on the matrix groups:

� Sp(2n), the group of linear symplectomorphisms of ωstd.

� SO(2n), the group of orientation-preserving isometries of gstd.

� GLC(n), the group of linear automorphisms of Jstd (i.e. complex-linear invertible
maps).

� U(n), the group of isometries of hstd.

From our discussion so far we can deduce that two out of the three structures in
a compatible triple automatically determine the other one. This can identically be
stated as:

Proposition 1.83. The following identities hold:

U(n) = Sp(2n) ∩ SO(2n) = SO(2n) ∩GLC(n) = GLC(n) ∩ Sp(2n).

Digression about Lie groups

Let us make a little aside to discuss the structure of GLR(n) and its subgroups Sp(2n),
U(n), SO(2n) and GLC(n) better. Lie groups will appear again later in the course
when we discuss Hamiltonian Lie group actions on symplectic manifolds.

First observe that GLR(n) is an open subset of the vector space of all square matrices
MR(n, n). In particular, it is a smooth manifold. You may now observe that matrix
multiplication is a smooth map

× : MR(n, n)×MR(n, n)→MR(n, n).

More subtly, you can try to prove that the inverse map

−1 : GLR(n)→ GLR(n)

is also smooth. Do note that this map does not extend to the whole of MR(n, n)!

This says that GLR(n) is a Lie group, i.e. a smooth manifold which is also a group
such that the group operations are smooth maps. Cartan’s theorem states that any
subgroup of a Lie group which is closed as a subset is itself a Lie group. This applies
to Sp(2n), U(n), SO(2n) and GLC(n).



1.5. COMPATIBLE COMPLEX STRUCTURES 23

Let G be a Lie group and H a closed subgroup. Another result, the homogeneous
space construction theorem, states that the quotient G/H is a smooth manifold
and G→ G/H is a submersion (and, in fact, a principal H-bundle). We will use this
construction next.

Linear structures as quotients

We explain now how to express symplectic structures, complex structures and metrics
as quotients of GLR(2n). The idea is as follows: each matrix A ∈ GLR(2n) corresponds
uniquely to the basis of R2n determined by its columns. Therefore, we can assign to
A the unique symplectic structure such that the basis is standard; this is precisely
A∗ωstd. Any symplectic structure on R2n can be written in this way, due to Theorem
1.54. Now, two matrices A0 and A1 might yield the same structure A∗0ωstd = A∗1ωstd.
But this implies that A−1

1 ◦ A0 is a symplectomorphism.

Writing Symp(R2n) for the space of linear symplectic structures on R2n, we have shown:

Proposition 1.84. There is a surjective map:

GLR(2n)→ Symp(R2n).

The preimage of a given structure ω ∈ Symp(R2n) is the space Sp(R2n, ω).

Using the language from the previous section: Symp(R2n) is the quotient of the Lie
group GLR(2n) by its subgroup Sp(R2n, ω). In particular, GLR(2n)→ Symp(R2n) is a
principal Sp(2n)-bundle.

Corollary 1.85. The dimension of Sp(R2n, ω) is 2n2 + n.

Proof. Recall that dim(GLR(2n)) = n2, since it is an open subset of all matrices.
Similarly, Symp(R2n) is an open subset of all skew-symmetric matrices, so its dimension

is (2n)(2n−1)
2

. We may then compute:

dim(Sp(R2n, ω)) = dim(GLR(2n))−dim(Symp(R2n)) = (2n)2− (2n)(2n− 1)

2
= 2n2+n.

An analogous argument assigning A∗gstd and A∗Jstd = A−1JstdA to A shows that:

Proposition 1.86. Let Met(R2n) be the space of scalar products in R2n and J (R2n)
the space of complex structures.
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� Met(R2n) is the quotient of GLR(2n) by O(2n).

� J (R2n) is the quotient of GLR(2n) by GLC(n).

Using Proposition 1.83 we can look at the following setting relevant for us: Given a
matrix A ∈ Sp(2n), we can consider the pullback A∗Jstd. Since A preserves ωstd, we
deduce that A∗Jstd is ωstd-compatible. This yields a map Sp(2n)→ J (R2n, ωstd) which
is surjective due to Proposition 1.81. The preimage of Jstd are the matrices that are
both in Sp(2n) and GLC(n). We have shown:

Proposition 1.87. There is a principal bundle:

U(n)→ Sp(2n)→ J (R2n, ωstd).

We can say more about this fibration.

Contractibility of the space of compatible complex structures

Our goal now is to prove:

Theorem 1.88. The space J (V, ω) is contractible.

The main idea is the following: The space of inner products Met(V ) is contractible
because it is a convex subset of a vector space. We would like to find a correspondence
between inner products and J (V, ω) and thus prove the contractibility of the latter.
However, this does not quite work. Indeed, given any inner product g, we can always
find some isomorphism A : V → V such that g(v, w) = ω(v,A(w)). Sadly, A is not
necessarily a complex structure. Nonetheless, this almost works: using this recipe, the
space J (V, ω) corresponds to a subset of Met(V ) which is contractible still.

To make this rigorous, we need a bit more information about Sp(2n):

Lemma 1.89. Let Ψ ∈ Sp(2n). Let λ ∈ R be an eigenvalue of Ψ with multiplicity m.
Then λ−1 is an eigenvalue of multiplicity m too.

Let v and w be eigenvectors of Ψ with eigenvalues λ and µ satisfying λµ−1 6= 1. Then
v and w are ωstd-orthogonal.

Proof. The matrix Ψ satisfies ΨtωstdΨ = ωstd. We can rearrange this as (ωstd)−1Ψtωstd =
Ψ−1. Therefore, Ψ−1 and Ψt are similar and have the same eigenvalues. Now we recall
that Ψt and Ψ have the same eigenvalues too. We deduce then that the multiplicity of
an eigenvalue and its inverse must be the same.

For the second claim, we check ωstd(v, w) = ωstd(Ψ(v),Ψ(w)) = λµωstd(v, w).
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The subspace of metrics we are interested in is:

Lemma 1.90. The space of symmetric and positive definite matrices in Sp(2n), i.e.
Met(R2n) ∩ Sp(2n), is contractible.

Proof. Let Ψ ∈ Met(R2n) ∩ Sp(2n). Then, all of its eigenvalues are real and positive.
Given a real number C ≥ 0, can define ΨC to be the symmetric and positive definite
matrix defined by ΨC(v) = λCv, for each eigenvector v with eigenvalue λ. We claim
that ΨC is symplectic too.

We choose a basis of eigenvectors {v1, · · · , v2n} with corresponding eigenvalues λi. We
then compute

ω(ΨC(vi),Ψ
C(vj)) = λCi λ

C
j ω(vi, vj).

If vi and vj were orthogonal, they remain orthogonal. If they were not, then λiλj = 1,
and the same is true for λCi λ

C
j .

The contraction is obtained by considering ΨC with C going from 1 to 0, for all Ψ.

We can prove our main result now:

Proof of Theorem 1.88. We claim that

J (R2n, ωstd)→ Met(R2n) ∩ Sp(2n)

J → J tωstd

is a homeomorphism. Indeed, J is ωstd-compatible if and only if:

� J tωstd is positive definite.

� J tωstdJ = ωstd, which is equivalent to (Jωstd)tωstd(Jωstd) = ωstd.

� J2 = −Id. Using the previous condition, this is equivalent to J tωstd = −ωstdJ ,
which is equivalent to J tωstd being symmetric.

I.e. if and only if J tωstd lies in Met(R2n) ∩ Sp(2n). This proves the claim.

Corollary 1.91. The inclusion U(n)→ Sp(2n) is a homotopy equivalence.

Proof. Since Sp(2n) → J (R2n, ωstd) is a fibration with contractible base, we can use
the deformation retraction of J (R2n, ωstd) to the point Jstd to provide a deformation
retraction of Sp(2n) to U(n).





Chapter 2

Overview of distributions

We are going to dedicate this chapter to discussing tangent distributions:

Definition 2.1. Let M be a smooth manifold. A distribution of rank k is a k-
dimensional subbundle ξ of the tangent bundle TM .

Distributions are fundamental objects in the Geometry of PDEs, Control Theory, and
many areas of Physics like Thermodynamics and Optics. However, we will focus on
those aspects that are relevant to the study of symplectic structures.

2.1 The associated flag

When we study distributions, it is fruitful to look at the map:

{Distributions} ↔
{
C∞-modules of vector fields
of pointwise constant rank

}
.

Which assigns to ξ the C∞-module Γ(ξ) ⊂ X(M) of those vector fields that are tangent
to it. By constant rank we mean that we take all the vector fields in the module Γ(ξ)
and we evaluate them at each point p ∈M : their span gives us ξp ⊂ TpM back.

Remark 2.2. When M is closed, this map is in fact a 1-to-1 correspondence.

If M is open some subtleties arise. For instance, we may assign to ξ the C∞-submodule
Γc(ξ) ⊂ Γ(ξ) of compactly supported vector fields instead. Evaluating Γc(ξ) pointwise
gives us ξ back, so the correspondence fails. There are in fact other possible choices of
C∞-submodule Γ: they all amount to taking vector fields that are compactly supported
only in certain directions. As such, Γc(ξ) and Γ(ξ) are the two extreme cases and all
other sensible choices lie in-between, i.e. Γc(ξ) ⊂ Γ ⊂ Γ(ξ). We can therefore single
out Γ(ξ) as our preferred choice by observing that it is the unique module satisfying the

27
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sheaf condition. These issues have been studied in depth in the literature concerning
singular foliations. �

Since the space of all vector fields X(M) is an (infinite dimensional) Lie algebra, we
are naturally lead to the question: “how does the linear subspace Γ(ξ) behave with
respect to the Lie bracket?” This motivates us to define:

Definition 2.3. A string of the form “a”, whose input is the formal variable a, is said
to be a bracket expression of length 0. Inductively, we define a bracket expression
of length i+ j + 1 to be a string of the form

“[A(a0, · · · , ai), B(ai+1, · · · , aj)]”,

where A(−) and B(−) are bracket expressions of lengths i and j.

That is, a bracket expression is simply an iteration of Lie brackets.

Definition 2.4. Given a distribution ξ, we define the associated Lie flag to be the
sequence of C∞-modules

ξ(0) ⊂ ξ(1) ⊂ · · · ξ(i) ⊂ ξ(i+1) ⊂ · · ·

given by:

ξ(i) = 〈A(v0, · · · , vi) | v0, · · · , vi ∈ Γ(ξ); A bracket expression of length at most i.〉C∞ .

Here the braces indicate taking the C∞-span. �

Example 2.5. In general, the elements ξ(i) in the associated flag do not correspond to
distributions, because their pointwise ranks dim(ξ

(i)
p ) may vary with p ∈ M . Indeed,

consider the following distribution:

ξ = ker(dy − z2dx) = 〈∂x + z2∂y, ∂z〉

which is called the Martinet distribution. We can readily compute Lie brackets:

[∂z, ∂x + z2∂y] = 2z∂y

[∂z, [∂z, ∂x + z2∂y]] = 2∂y.

This shows that ξ(1) has rank 3 everywhere except along the hypersurface {z = 0}.
ξ(2) is the module X(M) of all vector fields in M . �

We would like to avoid cases like this one, so we introduce the following definition:
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Definition 2.6. A distribution is weakly regular if its associated flag is comprised
of distributions.

Under this regularity assumption, the associated flag stabilises:

Lemma 2.7. If ξ is weakly regular there exists some integer m such that ξ(i) = ξ(m)

for every i ≥ m,

Proof. If ξ(i+1) is different from ξ(i), it must have larger rank because both are distri-
butions. However, rank is bounded above by the rank of TM , so the rank eventually
stabilises.

Finally, we define:

Definition 2.8. The growth vector of a weakly regular distribution ξ is defined as:

(rank(ξ(0)), rank(ξ(1)), · · · , rank(ξ(m−1)), rank(ξ(m))),

where m is the step in which the associated flag stabilises.

This notion can still be defined for general distributions, but then the growth vector
is a lower semi-continuous function which varies with the point.

2.2 A couple of relevant cases

Foliations

We have introduced the associated Lie flag and the growth vector. These are differ-
ential invariants of the distribution. Within the spectrum of all distributions, these
invariants may fall between two extreme situations: foliations and bracket-generating
distributions.

Definition 2.9. A distribution ξ of rank k is:

� involutive if ξ(j) = ξ(0) for all j.

� integrable if there are local coordinates (x1, · · · , xk, xk+1, · · · , xn) in which the
distribution is given as the kernel of the forms dxk+1, · · · , dxn. �

Identically, ξ is involutive if Γ(ξ) is a Lie subalgebra of X. It is easy to see that
integrability implies involutivity by simply computing the Lie flag in the preferred
local coordinates in which the distribution looks flat (as in the definition). A celebrated
theorem of Frobenius provides the converse:
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Theorem 2.10 (Frobenius). A distribution ξ is integrable if and only if it is involutive.

This is an instance in which the differential invariants of the distribution (in this case
the associated flag being trivial) determine its local form.

In the local model it is easy to see that the common level sets of the functions
xk+1, · · · , xn are submanifolds of dimension k and tangent to ξ. They provide (lo-
cally) a partition of the ambient space. If ξ is defined on a whole manifold M , these
local partitions provide a partition of M into manifolds of dimension k. This is called
a foliation and the submanifolds are called the leaves.

Lemma 2.11. If ξ is integrable, leaves correspond to equivalence classes of the fol-
lowing relation: p, q ∈ M are related if they can be connected by a path tangent to
ξ.

Proof. In the local model two points can be joined by a path tangent to ξ if and only if
they lie in the same common level set of xk+1, · · · , xn, which is the condition defining
what a leaf is.

Bracket-generating distributions

At the end of the course we will look at contact structures, which are a particular
family of distributions. They are a particular example of the following more general
notion:

Definition 2.12. A distribution ξ is bracket-generating if there exists some m such
that the mth element of the associated flag satisfies ξ(m) = X(TM).

That is, Γ(ξ) generates X(M) as an algebra.

Example 2.13. The standard contact structure in R3 is:

ξstd = ker(dy − zdx) = 〈X = ∂x + z∂y, ∂z〉.

Computing
X ′ = [∂z, X] = ∂y

we see that ξ(1) = X(R3), so ξ is bracket-generating. �

Example 2.14. The standard Engel structure in R4 is:

Dstd = ker(dy − zdx, dz − wdx) = 〈X = ∂x + z∂y + w∂z, ∂w〉.

We check that it is bracket-generating:

X ′ = [∂w, X] = ∂z, [X,X ′] = ∂y,
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which means that D(1) = ker(dy − zdx) is a distribution of rank 3 and D(2) = X(M).
�

One of the most famous general results about bracket-generating distributions is the
following:

Theorem 2.15 (Chow). Let (M, ξ) be a manifold endowed with a bracket-generating
distribution. Then any two points p, q ∈M can be connected by a path tangent to ξ.

We will not provide a proof here. However, let us explain the logic behind it: ξ being
bracket-generating means that every direction in TM can be obtained as a linear
combination of Lie brackets with entries in Γ(ξ). I.e. infinitesimally any direction in
TM can be obtained from ξ. This implies that infinitesimally we can go anywhere
using only directions of ξ. It is thus natural that the same is true globally.

Example 2.16. Let us compare Chow’s theorem with the following example: In R3 with
coordinates (x, y, z), we look at the distribution ξ = ker(dz). This distribution is the
tangent space of the foliation F of R3 whose leaves are level sets of z.

We can now tweak it: Consider the distribution ξ̃ = ker(dz + f(y)dx), where the
function f : R → R is identically 0 if y ≤ 0 and satisfies f ′(y) > 0 everywhere
else. This implies that ξ̃ is a foliation in the region {y ≤ 0} and bracket-generating
everywhere else. Suppose we want to connect two points (x, y, z) and (x′, y′, z′) lying
in {y ≤ 0}. Then, we can first connect to (x, 0, z) by using a straight path (which is
contained in a leaf), then travel within the {y ≥ 0} region to (x′, 0, z′) using Chow’s
theorem, and finally go to (x′, y′, z′) (again, staying within a leaf). Here the key fact
we use is that all the leaves of the foliated region connect to the bracket-generating
region.

This tells us that Chow’s theorem can hold even without the bracket-generating as-
sumption. �

2.3 The curvature

In this section we will look at another invariant that you may define from a distribution
ξ. It provides more information about how the Lie bracket interacts with ξ. Consider
the following morphism induced by the Lie bracket:

Γ(ξ)× Γ(ξ)→ Γ(ξ(1)) ⊂ X(M).

Observe that the elements in Γ(ξ(1)) are spanned by bracket expressions of lengths 1
(i.e. a single Lie bracket), so this is a well-defined map. Since the Lie bracket is a
derivation, we obtain a C∞-linear map as follows:
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Lemma 2.17. The Lie bracket yields a well-defined bundle morphism:

Ω(ξ) = ξ × ξ → ξ(1)/ξ

called the (first) curvature.

Proof. It suffices to show that the composition

Γ(ξ)× Γ(ξ)→ Γ(ξ(1))→ Γ(ξ(1)/ξ),

where the second map is simply the quotient, is C∞-linear. Indeed, given u, v ∈ Γ(ξ),
and a smooth function f , we have:

[u, fv] = f [u, v] + df(u)v

where the second term belongs to Γ(ξ). The rest of the proof follows analogously.

Lemma 2.18. The curvature Ω(ξ) is a 2-form ∧2ξ → ξ(1)/ξ.

Proof. Since the Lie bracket is skew-symmetric, the same is true for the curvature.

Remark 2.19. One can define higher curvatures by looking instead at the Lie brackets

Γ(ξ(j))× Γ(ξ(i))→ Γ(ξ(i+j+1)) ⊂ X(M),

but we leave that to the reader. �

The rank of the curvatures of ξ may vary with the point, as the following example
shows:

Example 2.20. In R5 with coordinates (x1, x2, y1, y2, z) we can define a distribution

ξ = ker(dz − y1dx1 − f(y2)dx2) = 〈∂y1 , ∂y2 , ∂x1 + y1∂z, ∂x2 + f(y2)∂z〉.

We choose f : R→ R to be identically zero if y2 ≥ 0 and strictly increasing otherwise.
The only non-trivial Lie brackets among elements of this framing are:

[∂y1 , ∂x1 + y1∂z] = ∂z, [∂y2 , ∂x2 + f(y2)∂z] = f ′(y2)∂z.

From this we see that the distribution is bracket-generating and weakly regular. The
curvature Ω(ξ) has maximal rank (i.e. 4) if y2 < 0 but rank 2 if y2 ≥ 0. �
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2.4 The dual viewpoint

Many of the classic geometers (Cartan, Engel, Lie, Pfaff) that studied distributions
actually did so from the dual viewpoint of 1-forms. In fact, in the examples above we
have already presented distributions as the kernel of one or several 1-forms:

Definition 2.21. A Pfaffian system in a manifold M is a subbundle of T ∗M .

One can pass from Pfaffian systems to distributions by taking their kernel/annihilator.
One can define in this setting a notion of flag that is dual to the Lie flag, but that
would take us too much time. Let us simply work out a particular case:

Proposition 2.22. Let ξ ⊂ TM be a distribution and let I ⊂ T ∗M be its dual Pfaffian
system, i.e. ker(I) = ξ. Then, the following conditions are equivalent:

� ξ is involutive.

� dα|ξ = 0 for every section α of I.

� the curvature Ω(ξ) is zero.

� There is a framing α1, · · · , αn−k of I such that for every j:

α1 ∧ ◦ ∧ αn−k ∧ dαj = 0.

Proof. If α is a section of I and v, w are vector fields tangent to ξ, we have that

α([v, w]) = −dα(v, w).

The distribution ξ is involutive if and only if the first term (and thus the second term)
is zero for any α, v, and w. This proves the equivalence of the first two. For the third,
we simply observe that, by definition:

α([v, w]) = α ◦ Ω(ξ)(v, w),

so the same reasoning applies.

The second implies the fourth, since the kernel of α1 ∧ ◦ ∧ αn−k is exactly ξ. The
converse follows by writing any section α of I as a linear combination of the framing
α1, · · · , αn−k and computing the value of dα.





Chapter 3

Submanifolds and normal form
theorems

In the linear algebra chapter we saw many uniqueness statements. The two most
important ones were: in a given dimension, all symplectic vector spaces are the same
up to isomorphism, and all lagrangian subspaces can be identified with one another by
a linear symplectomorphism. Our goal in this chapter is to prove analogous statements
in the manifold setting. All these results rely on a technique known as Moser’s trick.
Before we do so, we will spend some time looking at examples of symplectic manifolds
and their submanifolds.

3.1 Reminder: basic facts about vector fields

For completeness, we recall some basic theory of vector fields, since our main tool later
on (Moser’s trick) will rely on them.

Let M be a smooth manifold. A time-dependent vector field is a family of vector
fields (Xt)t∈[0,1] parametrised by the interval [0, 1]. As such, it can be written (locally)
in the form

Xt(x) =
∑
i

ai(t, x)
∂

∂xi

with each ai a smooth function of (t, x) ∈ [0, 1] ×M . It is sometimes convenient to
view a time-dependent vector field as a time-independent vector field on [0, 1]×M by
setting

X̃(t, x) =
∂

∂t
⊕Xt(x).

In particular, it is clear that X̃ defines an ODE (so all the usual statements about
ODEs apply).

35
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An isotopy of M is a family of diffeomorphisms (ϕt)t∈[0,1] : M →M satisfying ϕ0 = id.
Differentiation produces a time-dependent vector field from ϕt:

d

dt
ϕt = Xt ◦ ϕt.

Conversely, integration of Xt (i.e. solving the associated ODE), produces an isotopy
ϕt. This isotopy might be just local or exist only for short times. However:

Lemma 3.1. The following statements hold:

� Let M be closed or, more generally, Xt be compactly supported. Then ϕt(x) is
defined for all (t, x) ∈ [0, 1]×M .

� Let x ∈ M with Xt(x) = 0 for all t ∈ [0, 1]. Then there exists an open neighbor-
hood U of x such that ϕt : U →M is defined for all t.

Proof. For any x ∈ M and t ∈ [0, 1] there exists a little neighbourhood of (t, x) ∈
[0, 1] ×M such that the ODE Xt has a solution. This follows from the existence and
uniqueness of ODEs since Xt has smooth coefficients in any local expression. The first
claim follows by compactness of [0, 1] ×M . The second by compactness of [0, 1] and
noticing that γ(t) = x solves the ODE with initial value x.

Given a differential form ω ∈ Ωk(M), we can use an isotopy (ϕt)t∈[0,1] to transport it
around by pullback: ϕ∗tω. It might be the case that ϕ∗tω = ω, in which case the isotopy
provides a family of automorphisms of ω. To measure this we can compute:

d

dt

∣∣∣∣
t=t0

ϕ∗tω = ϕ∗t0LXt0ω

where L denotes the Lie derivative. In particular, we see that ϕt is a family of auto-
morphisms if and only if the vector fields Xt are infinitesimal automorphisms (i.e. if
LXtω = 0).

Some expressions that are useful are Cartan’s formula (which is essentially just the
good old derivative of a product):

LXω = d(ιXω) + ιXdω.

And the derivative formula for a family of differential forms ωt:

d

dt

∣∣∣∣
t=t0

ϕ∗tωt = ϕ∗t0

(
LXt0ωt0 +

d

dt

∣∣∣∣
t=t0

ωt

)
.
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3.2 Classifying symplectic structures

We want to show some uniqueness statement for symplectic manifolds, but first we
need to define how we want to tackle the classification question. We can define several
notions of equivalence:

Definition 3.2. Two symplectic forms ω0 and ω1 on a manifold M are called:

1. Symplectomorphic if there exists a diffeomorphism ϕ of M such that ω0 =
ϕ∗ω1.

2. Homotopic if they are connected by a path of symplectic forms (ωt)t∈[0,1].

3. Strongly homotopic if they are connected by a path of cohomologous symplectic
forms, i.e. [ωt] is independent of t.

4. Isotopic if there exists an isotopy (ϕt)t∈[0,1] of M such that ϕ∗1ω1 = ω0.

Let us look at the classification up to symplectomorphism first:

Remark 3.3. Let (Mi, ωi)i=0,1 be symplectic manifolds. If they are symplectomorphic,
they are in particular diffeomorphic, so we may set M = M0 = M1. We observe that
each ωi determines a cohomology class [ωi] ∈ H2

dR(M); if a symplectomorphism exists,
these two classes must map to one another. Therefore, the symplectic volume classes
[ωi]

n should map to one another as well. In particular, the symplectic manifolds (M,ω)
and (M,Cω), with C 6= ±1 a constant, cannot be symplectomorphic.

Understanding the classification question up to symplectomorphism is complicated,
because the group Diff(M) is very hard to understand by itself. As such, it makes
sense to look more locally: we compare symplectic forms that are “close” to one
another in the space of 2-forms, trying to see whether there is a diffeomorphism close
to the identity that identifies them. This idea of deforming our symplectic forms leads
naturally to the notions of homotopy and isotopy.

Remark 3.4. Let ωt = ϕ∗tω0 be a family of isotopic symplectic forms. The class

[ωt] = [ϕ∗tω0] = [ω0] ∈ H2
dR(M)

does not depend on t, since:

d

dt
(ϕ∗tω0) = ϕ∗t (LXtω0) = ϕ∗t (dιXtω0) = d(ϕ∗t ιXtω0)

is an exact form (here Xt is the vector field generating ϕt).
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Consider the sphere S2 endowed with the usual area form ω. Let C 6= 0, 1 be a constant.
Despite defining the same volume, the forms ω⊕ω and (Cω)⊕ (C−1ω) are not isotopic
as symplectic forms in S2 × S2. This can be seen by checking the evaluation:

[ω ⊕ ω][S2 × {p}] = 1 6= C = [(Cω)⊕ (C−1ω)][S2 × {p}].

Homework 3.5. Let (S, ω) and (S ′;ω′) be closed connected symplectic surfaces. We
write:

λ =

∫
ω∫
ω′
.

Let C ∈ R \ (Z + λZ). Show that the symplectic forms ω ⊕ ω′ and (Cω) ⊕ (C−1ω′)
endow S × S ′ with the same volume, but they are not symplectomorphic.

Lemma 3.6. The following implications hold:

Isotopic ⇒ Strongly homotopic
Isotopic ⇒ Symplectomorphic

Strongly homotopic ⇒ Homotopic

Proof. The first statement follows from the discussion above and the fact that ϕ∗α, for
α a cohomology class, only depends on the isotopy class of ϕ (as we showed before in
Remark 3.4). The other two claims are clear.

Moser’s theorem, which we will explain later in this Chapter, states that on closed
manifolds the notions of isotopy and strong homotopy are in fact equivalent. This is
not true for open ones, as can be seen from the following two examples due to D.
McDuff:

Example 3.7. Let n > 1. Consider Cn endowed with the 1-form λstd = 1
2

∑
i xidyi −

yidxi, which is a primitive of ωstd =
∑

i dxidyi. You may check that the radial vector
field X =

∑
i xidxi + yidyi satisfies ιXωstd = λstd.

Consider now the domains:

Da,b = {(x1, y1, · · · ) ∈ Cn|a < |(x1, y1, · · · )| < b}.

We can define the volume of the negative end ∂−Da,b = S2n−1
a by:∫

S2n−1
a

λstd ∧ ωn−1
std =

1

n

∫
S2n−1
a

ιXω
n
std

which is simply the usual volume (up to a constant independent of a and b).
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We claim that this does not actually depend on λstd: i.e. any other choice of primitive
for ωstd will yield the same result. Indeed, any two primitives differ by a closed 1-form,
which is therefore exact over the sphere (here is where the n > 1 assumption appears).
The integration of their difference then vanishes as an application of Stokes’ theorem:∫

S2n−1
a

df ∧ ωn−1
std =

∫
∂S2n−1
a

fωn−1
std = 0

and this concludes the claim. The same is true for the positive end ∂+Da,b = S2n−1
b .

From this we see that Da,b is never symplectomorphic to Da′,b′ unless a = a′ and b = b′.
Indeed, any symplectomorphism Ψ takes S2n−1

a+δ to a sphere Ψ(S2n−1
a+δ ) that approaches

S2n−1
a′ as δ goes to zero. Their volumes must therefore approach, so a = a′. The same

reasoning applies to b and b′.

Example 3.8. A more involved example can be constructed as follows; let n > 1. Take
the unit sphere S2n−1 and push its north pole downwards and its south pole upwards.
We keep pushing after they cross each other so the northern hemisphere intersects
the southern hemisphere transversally in a (2n-2)-dimensional sphere. This deformed
sphere separates Cn into three parts: the outer part, the inner part A bounded by the
hemispheres close to the poles, and the inner part B that is away from the poles; see
Figure 3.1. If we push enough, we can make A have greater volume than B.

Figure 3.1: The immersion of the sphere bounding negative volume. Its central part
A has greater volume than the area B touching the equator.

Consider now the inclusion f0 : D1−ε,1+ε → Cn of a neighbourhood of S2n−1. As we
push the sphere, we can push this neighbourhood too, preserving its volume; this yields
a family (ft)t∈[0,1] : D1−ε,1+ε → Cn of immersions (not embeddings!) such that f ∗t ωstd

all define the same total volume on D1−ε,1+ε. Reasoning as in the previous exercise
we can see that f ∗1ωstd and f ∗0ωstd are not symplectomorphic because their boundaries
have different volumes.
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However, we can claim more: there is in fact no embedding F of

(D1−ε,1+ε, f
∗
1ωstd)

into Cn such that F ∗ωstd = f ∗1ωstd. The point is as follows: if F exists, then F can be
extended to an embedding D2n

1+ε → Cn, so ω̃ = F ∗ωstd extends f ∗1ωstd as a symplectic
form to the whole ball. We will show that this is not possible.

Pick a primitive λ̃ of ω̃. Recall that f ∗1ωstd already has a primitive f ∗1λstd along D1−ε,1+ε.
As such, both primitives differ from one another by the differential df of a function
f : D1−ε,1+ε → R. Pick a bump function χ : D1−ε,1+ε → [0, 1] vanishing along D1−ε,0

and being identically 1 close to S2n−1
1+ε . Then λ̃′ = λ̃ + d(fχ) agrees with λ̃ along the

inner boundary and with f ∗1λstd along the outer one.

Now we observe:

0 <

∫
D2n
1+ε

ω̃n =

∫
S2n−1
1+ε

λ̃′ ∧ ω̃n−1 =∫
S2n−1
1+ε

f ∗1 (λstd ∧ ωn−1
std ) =

∫
f1(S2n−1

1+ε )

λstd ∧ ωn−1
std =

∫
B

ωnstd −
∫
A

ωnstd < 0

where we have applied Stokes’ theorem twice, arriving at a contradiction.

Remark 3.9. The obstructions defined in these examples arise from the volume asso-
ciated to the symplectic form. Although we will not explore this any further in these
notes, there are much subtler invariants (relying on pseudoholomorphic curves, for
instance) that allow us to distinguish symplectic manifolds.

3.3 Submanifolds of symplectic manifolds

Moser’s trick will also allow us to provide local forms around submanifolds of sym-
plectic manifolds. Before we do so, let us spend some time discussing examples of
submanifolds.

Symplectic submanifolds

Recall the definition:

Definition 3.10. A submanifold N of a symplectic manifold (M,ω) is called sym-
plectic if TxN ⊂ TxM is a symplectic subspace for every x ∈ N .

Example 3.11. Let (Mi, ωi)i=1,2 be symplectic manifolds. Then (M1×M2, ω1⊕ω2) is a
symplectic manifold as well. For every x ∈M2, M1×{x} is a symplectic submanifold.

Homework 3.12. Consider (Cn, ωstd).
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� Let f : Cn → Cm be a holomorphic (or algebraic) map with 0 as a regular value.
Then f−1(0) is said to be an analytic (or algebraic) subvariety of Cn. Check that
f−1(0) is a symplectic submanifold.

� Consider the action

Ψ : S1 × Cn → Cn

Ψ(t; z1, · · · , zn) = (tz1, · · · , tzn)

given by complex multiplication. Show that this action is by biholomorphic
symplectomorphisms.

� Deduce that complex projective space CPn−1 inherits a symplectic structure ωFS
from the action of Ψ on the unit sphere S2n−1. Show that the complex structure
of CPn−1 is compatible with ωFS.

� Let f : Cn → C be a homogeneous polynomial. Show that the subvariety of
(CPn−1, ωFS) defined by the zeroes of f is symplectic (whenever it is smooth).

The form ωFS is called the Fubini-Study form. We will revisit this construction,
much more in detail, in the next chapter.

Example 3.13. Given M a manifold and N a submanifold, there is no natural inclusion
of T ∗N into T ∗M . However, by choosing a complement ν(N) of TN within TM |N ,
we can identify T ∗N with the annihilator Ann(ν(N)) ⊂ T ∗M . Then the former is a
symplectic submanifold of the latter with respect to the canonical symplectic form.

Isotropic and Lagrangian submanifolds

Definition 3.14. A submanifold N of a symplectic manifold (M,ω) is called isotropic
if TxN ⊂ TxM is an isotropic subspace for every x ∈ N . N is Lagrangian if it is
middle-dimensional.

Example 3.15. Any 1-dimensional submanifold is isotropic.

Homework 3.16. Let (Mi, ωi)i=1,2 be symplectic manifolds. The graph of a diffeomor-
phism f : M1 →M2 is a Lagrangian submanifold of (M1×M2, ω1⊕ (−ω2)) if and only
if f is symplectic.

Example 3.17. The map

ψ(z0, · · · , zn) = (z0, · · · , zn)

in (Cn+1, ωstd) is an antisymplectic involution, i.e. ψ∗ωstd = −ωstd and ψ2 = Id.
You can readily check this by writing ωstd in terms of zj and zj.
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The map ψ readily induces an antisymplectic involution Ψ in (CPn, ωFS). It is clear
that the set of fixed points of Ψ is exactly RPn. We claim that RPn is Lagrangian:
indeed, for any v, w tangent to RPn we have

−ωFS(v, w) = (Ψ∗ωFS)(v, w) = ωFS(dΨ(v), dΨ(w)) = ωFS(v, w)

so we deduce that ωFS(v, w) = 0. In fact, the same proof shows that the fix point set
of any antisymplectic involution is Lagrangian.

Given a closed Lagrangian L and a Hamiltonian symplectomorphism ϕ, the Arnol’d
conjecture for Lagrangian intersections states that

|L ∩ ϕ(L)| ≥ inf
f :L→R

|critical points of f |,

where the brackets denote the cardinality of the set. You should compare this statement
with the following exercise:

Homework 3.18. Let L be a smooth manifold and let (T ∗L, ωcan) be the canonical
symplectic structure in the cotangent space. Let K ⊂ L be a smooth submanifold.
Then:

� The zero section and the fibers are Lagrangian.

� K is isotropic.

� The conormal ν∗(K) of K (i.e. the space of covectors in T ∗L|K vanishing on
TK) is Lagrangian.

� Let α ∈ Ω1(L) be a 1-form. Its graph Γα ⊂ T ∗L is Lagrangian if and only if α is
closed.

� Show that the intersection of Γdf with the zero section is non-empty if L is closed;
here f : L→ R is a smooth function.

� Show that the intersection of Γdf with ν∗(K) is non-empty if K is closed.

Example 3.19. Recall that the Euler characteristic −χ(L) counts the (signed) number
of intersections of L with a generic section of T ∗L. Let α ∈ Ω1(L) be a 1-form. Then its
graph Γα in T ∗L (which might not be a Lagrangian) intersects the zero section at least
−χ(L) times. Note that this number is in general smaller than the one provided by
the Arnol’d conjecture. The main point is that Lagrangians intersect each other more
than one would expect by simply looking at their smooth topology. This is because
(Hamiltonian isotopic) Lagrangians behave in many ways just like functions; see the
next definition.
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Definition 3.20. A Lagrangian N in (T ∗L, ωcan) is said to be exact if λcan|N is an
exact 1-form.

Remark 3.21. We can generalise the definition: Let (M,ω) be a symplectic manifold
with ω exact with primitive λ. A Lagrangian submanifold N is exact if λ|N is exact. It
is clear that the definition of exactness depends on the choice of λ. However, assume
that H1

dR(M) = 0. Then any two primitives λ and λ′ of ω differ by a exact 1-form df ,
so being exact does not depend on the choice of primitive. This assumption on the
cohomology holds for R2n, but not for a general cotangent bundle T ∗L.

Homework 3.22. Show that:

� Let α ∈ Ω1(L) be a 1-form. Its graph Γα ⊂ T ∗L is an exact Lagrangian if and
only if α is exact.

� Let (ϕt)t∈[0,1] : T ∗L→ T ∗L be a Hamiltonian isotopy. Show that ϕt(L) is a exact
Lagrangian (for all t) if L is a exact Lagrangian.

In particular, any Lagrangian which is Hamiltonian isotopic to the zero section is
exact. A famous (and still wide open) conjecture in Symplectic Topology (the nearby
Lagrangian conjecture) states the converse: Any closed exact Lagrangian N in T ∗L,
with L closed, is Hamiltonian isotopic to the zero section. Work of M. Abouzaid shows
that N is homotopy equivalent to L.

Example 3.23. Let us look at Lagrangians in π : (T ∗S1, λcan) → S1. Any curve is
Lagrangian, so we may ask ourselves which of them are exact. Let γ : S1 → T ∗S1

be one such Lagrangian curve (possibly not graphical over the zero section). A first
invariant of γ is its homotopy class as a path; this can be encoded using a single integer,
since π1(T ∗S1) = Z. This number measures how many times π ◦ γ loops around S1.

Suppose γ is exact and lives in the same homotopy class as the zero section. Then we
can find a map ϕ : S1× [0, 1]→ T ∗S1 such that ϕ(−, 0) is the zero section and ϕ(−, 1)
is γ. Now we observe:∫

S1×[0,1]

ϕ∗ωcan =

∫
S1×1

ϕ∗λcan −
∫
S1×0

ϕ∗λcan = 0

because γ is exact by assumption. This implies that γ and the zero section bound
together zero area, so they intersect at least in two points. This proves the Arnol’d
conjecture for Lagrangians in T ∗S1; see Figure 3.2.

Suppose now that γ is exact and contractible. Choose ϕ : S1× [0, 1]→ T ∗S1 such that
ϕ(−, 0) is constant and ϕ(−, 1) is γ. Then:∫

S1×[0,1]

ϕ∗ωcan =

∫
S1×1

ϕ∗λcan = 0
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Figure 3.2: This is a exact Lagrangian in (T ∗S2, ωcan). It intersects the zero section
twice, bounding two regions that have opposite signed areas, so the total area bounded
is zero.

which implies that γ bounds zero area by itself. From this, we deduce that it must self-
intersect; see Figure 3.3. This same proof works to show that all exact Lagrangians in
(R2, ωstd) have self-intersections. In his groundbreaking paper on pseudoholomorphic
curves, M. Gromov showed that any exact Lagrangian in (R2n, ωstd) must have self-
intersections.

Figure 3.3: This is a exact Lagrangian in (R2, ωstd). It self-intersects, and the two
regions it bounds have opposite signed areas, so the total area bounded is zero.

Coisotropics

Definition 3.24. A submanifold N of a symplectic manifold (M,ω) is called coisotropic
if TxN ⊂ TxM is a coisotropic subspace for every x ∈ N . Its kernel is the tangent
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distribution:

ker(ω|N) = {v ∈ TN |ω(v, w) = 0 for every w ∈ TN}.

The kernel is integrable and the foliation tangent to it is called the characteristic
foliation of N .

Important exercise:

Homework 3.25. Show that:

� ker(ω|N) is indeed integrable, i.e. [v, w] is tangent to ker(ω|N) whenever v and
w are vector fields tangent to ker(ω|N). Frobenius’ theorem then tells us that
ker(ω|N) integrates to a foliation, as claimed.

� The flow of a vector field v tangent to ker(ω|N) preserves ω|N .

� ω|N induces a symplectic form on Ñ , the quotient of N by ker(ω|N), whenever
the latter is a smooth manifold.

� Convince yourself that the process we just described can be carried out, more
generally, on any presymplectic manifold.

Example 3.26. Any hypersurface in a symplectic manifold is automatically coisotropic.
Its characteristic foliation is simply a line field. For S2n−1 the unit sphere in Cn, the
leaves of the kernel correspond to the intersection of S2n−1 with the complex lines. The
quotient (often called the reduction) is then CPn−1; compare this to Homework 3.12.
We will revisit the reduction process later when we look at Hamiltonian Lie group
actions.

Remark 3.27. The reason why you should expect Lagrangians to have a unique local
model (as we shall prove), is that a Lagrangian carries no symplectic information
beyond its smooth topology (because the symplectic form restricts to zero on the
Lagrangian). For coisotropics, the story is necessarily different! Indeed, on a (non-
Lagrangian) coisotropic the symplectic form restricts to a non-zero presymplectic form.
Two coisotropics diffeomorphic to N but with different characteristic foliations (for
instance, one of them has closed leaves and the other one does not) cannot be identified
by a symplectomorphism.

A particular example is the following:

Example 3.28. The characteristic foliation on S3 ⊂ (C2, ωstd) has all leaves closed,
since they are the fibres of the Hopf fibration S3 → CP2. Instead of the sphere, we can
consider the boundary of the ellipsoid

E(a, b) = {(r1, θ1, r2, θ2) ∈ C2|f(z1, z2) = r2
1/a+ r2

2/b = 1},
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where we are using polar coordinates in each C. We claim that the characteristic
foliation along ∂E(a, b) is spanned by

X = Jstd(∇f) = Jstd

(
2

a
r1∂r1 +

2

b
r2∂r2

)
=

2

a
r1∂θ1 +

2

b
r2∂θ2 .

This is because ωstd(Jstd(∇f),−) = gstd(∇f,−) = df(−), which vanishes on the bound-
ary of the ellipsoid. Do note that this is a general statement: using Jstd you can
compute the characteristic foliation of any hypersurface in Cn given by a level set. Ad-
ditionally, note that X is the Hamiltonian vector field associated to the Hamiltonian
function f .

Now we note that X has only two closed leaves if a and b are linearly independent
over the rationals; in particular, the quotient of ∂E(a, b) by its characteristic foliation
is not a smooth manifold. As such, ∂E(a, b) and S3 cannot be mapped to one another
by a symplectomorphism. What this example tells us is that Hamiltonian dynamics
can tell us non-trivial information about symplectic geometry/topology.

Note as well that the orbits of X in ∂E(a, b) are precisely the boundary of the holomor-
phic discs D2

a × {0} and {0} ×D2
b . Recall that the orbtis of the characteristic foliation

in S3 were also boundaries of holomorphic discs.

Example 3.29. A less subtle invariant associated to a coisotropic was seen in Examples
3.7 and 3.8: there we saw how some hypersurfaces have a well-defined notion of volume.
These volumes should agree if the hypersurfaces and their neighbourhoods are mapped
to one another.

Example 3.30. Let L be a smooth manifold and let F be a foliation on L. The conormal
ν∗F ⊂ T ∗L (i.e. the collection of covectors vanishing along the leaves of F) is a
coisotropic submanifold. The leaves of its characteristic foliation are (locally) of the
form Γdf ∩ν∗N where N ⊂ L is a leaf of F and f : L→ R is a (possibly locally defined)
function which is constant on each leaf of F . You can check this by writing everything
explicitly on a foliation chart.

We can define a partial connection

∇ : Γ(F)× Γ(ν∗F)→ Γ(ν∗F)

∇Xα = LXα = ιXdα

which only tells us “how to derive” sections of ν∗F along vector fields tangent to the
foliation (check that this is well-defined!). This is called the Bott connection. For
any leaf N , we can look at the sections of ν∗F|N = ν∗N which are flat (i.e. such that
the connection vanishes on them). These are precisely the leaves of the characteristic
foliation. Since ν∗F is foliated by these flat sections, we say that the Bott connection
is flat. This is equivalent to the fact that its curvature is zero.
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Cosymplectic and contact hypersurfaces

As we just pointed out, hypersurfaces (and coisotropics in general) in a symplectic
manifold can be very different from one another. Let us look at a couple of cases
where the local behaviour around the hypersurface can be understood.

Definition 3.31. A hypersurface N ⊂ (M2n, ω) is cosymplectic if there is a sym-
plectic vector field X in a neighbourhood of N and transverse to N .

Lemma 3.32. If N is cosymplectic, there is a non-zero class in H1
dR(N) that can be

represented by a non-vanishing 1-form.

Proof. X being symplectic means that its flow preserves ω, that is LXω = 0. Since
X is transverse to N , it is in particular non-vanishing close to N . We can expand
this expression SLXω = d(ιXω); we deduce that λ = ιXω is a closed 1-form that is
non-vanishing.

Then we have that: ∫
N

ιXω
n

n
=

∫
N

λ ∧ ωn−1 6= 0.

That is, from λ and ω we can define a volume form λ∧ωn−1 on N . This implies that at
the level of cohomology [λ][ω]n−1 is non-zero in H2n−1

dR (N), so [λ] 6= 0 ∈ H1
dR(N).

A famous theorem of Tischler tells us that being cosymplectic constrains the smooth
topology of N :

Theorem 3.33. Let N be a smooth manifold admitting a non-vanishing closed 1-form.
Then N is a smooth fibre bundle over S1 (i.e. a mapping torus).

We will see later in this chapter how to build a normal form around such a cosymplectic
N . At this point, just observe that we should be able to build a tubular neighbourhood
using X, since it preserves ω, as soon as we understand ω|N .

Another class of hypersurfaces whose smooth topology is much less constrained is the
following:

Definition 3.34. A vector field X in a symplectic manifold (M2n, ω) is Liouville if
SLXω = ω. Its associated Liouville form is the 1-form λ = ιXω.

A hypersurface N ⊂ (M2n, ω) is contact if there is a Liouville vector field X in a
neighbourhood of N and transverse to N .

Homework 3.35. Let (M,ω) be a symplectic manifold. Show that:
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a. A vector field is Liouville if and only if its Liouville form is closed.

b. Let (ϕt)t∈R : M →M be the flow of a Liouville vector field X. Then ϕ∗tω = etω.

c. If (M,ω) admits a globally defined Liouville vector field, M is necessarily open.

d. Let N ⊂ M be transverse to the Liouville vector field X and therefore contact.
Show that α = (ιXω)|N is non-vanishing and satisfies α ∧ dαn−1 6= 0.

e. A form α satisfying (d.) is said to be a contact form. Its kernel ξ = ker(α) is a
non-vanishing hyperplane field in N called a contact structure. Show that for
any locally defined vector field v in N tangent to ξ, there exists w also tangent to
ξ such that [v, w] is everywhere not tangent to ξ. Deduce that ξ is not a foliation.

f. Let (T ∗L, ωcan) be the cotangent bundle of the smooth manifold L. Let X be the
vector field in T ∗L defined locally by

∑
i pi∂pi . Show that X is a Liouville vector

field. Deduce that the unit cotangent sphere is a contact hypersurface.

g. Let (Cn, ωstd). Show that the vector field X = 1
2

∑
i xi∂xi + yi∂yi is Liouville.

Deduce that the unit sphere is contact.

We will look at contact structures much more in depth later in the course. They
are incredibly important in the study of symplectic manifolds with boundary, because
boundaries are often contact hypersurfaces (if one does things properly). One can
prove a version of Moser’s theorem for them called Gray’s stability and they also have
a Darboux local model (which can be proven using Moser’s trick). We will do this
in latter chapters. In this Chapter we will content ourselves with providing a normal
form for the symplectic structure around a contact hypersurface.

3.4 Moser’s trick and Moser stability

Having looked a bit deeper into symplectic manifolds and their submanifolds, we are
ready to introduce Moser’s trick and its applications. The first one allows us to show
that a path of cohomologous symplectic structures always arises from an isotopy if the
ambient manifold is closed:

Proposition 3.36. Let M be a closed manifold and (ωt)t∈[0,1], a smooth family of
symplectic forms on M with exact time derivative:

d

dt
ωt = dαt.

Then, there exists a smooth isotopy (ϕt)t∈[0,1] such that

ϕ∗tωt = ω0 for all t ∈ [0, 1].
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You should observe that d
dt
ωt = dαt implies that [ωt] is constant, which was a necessary

condition for an isotopy to exist, as we pointed out before.

Proof. The idea is to find the isotopy as the flow of the time-dependent vector field Xt

associated to it. We may differentiate the condition ϕ∗tωt = ω0 to yield the expression

d

dt
ϕ∗tωt = 0.

Which we now expand using Cartan formula and the properties of the Lie derivative:

d

dt
ϕ∗tωt = ϕ∗t

(
dιXtωt +

dωt
dt

)
.

As such, d
dt
ϕ∗tωt = 0 if and only if

dιXtωt +
dωt
dt

= d(ιXtωt + αt) = 0.

Since ωt is non-degenerate for all t, there exists a unique solution Xt of αt + ιXtωt = 0.
The flow of Xt satisfies our claim by construction.

In fact we can do better:

Theorem 3.37 (Moser’s stability). Let M be a closed manifold. Suppose (ωt)t∈[0,1]

is a smooth family of symplectic forms on M such that the cohomology class [ωt] is
independent of t. Then there exists a smooth isotopy ϕt : M →M such that ϕ∗tωt = ω0

for all t ∈ [0, 1].

Proof. The claim follows by showing that one can find a family of 1-forms (αt)t∈[0,1]

satisfying
d

dt
ωt = dαt

and then applying the previous proposition. This claim requires understanding chain
homotopies for the De Rham complex. You can refer to [BT95].

Remark 3.38. One can in fact replace [0, 1] by the disc Dk. Given a disc family of
cohomologous symplectic forms (ωt)t∈Dk , we can find a disc family of isotopies (ϕt)t∈Dk
such that ϕ∗tωt = ω0. The point is that we can choose primitives of the time derivative
parametrically and we can apply Moser’s trick in each radial direction.

A nice corollary is the following:
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Example 3.39 (Closed symplectic surfaces). Let Σ be a closed orientable surface. Then,
symplectic structures on Σ are just area forms. We claim that they are classified up
to isotopy by their signed area.

Assume that the signed area of (Σ, ω0) is equal to the signed area of (Σ, ω1), i.e.
[ω0][Σ] = [ω1][Σ]. This implies that [ω0] = [ω1]. Define ωt = (1− t)ω0 + tω1. Then ωt
is a symplectic form for all t, and [ωt] = [ω0].

We can find a primitive α ∈ Ω1(Σ) for the difference: ω1 − ω0 = dα. Thus:

ωt = ω0 + tdα;
d

dt
ωt = dα.

By Moser’s stability there exists a smooth isotopy (ϕt)t∈[0,1] of Σ such that ϕ∗tωt = ω0

for all t.

The classification up to diffeomorphism is given by the total unsigned area. Indeed: if
[ω0][Σ] = −[ω1][Σ], we can pick an orientation-reversing diffeomorphism Ψ and apply
the previous argument to ω0 and Ψ∗ω1.

Using exactly the same approach we show:

Theorem 3.40 (Moser). Let M be a closed smooth manifold. Two volume forms Ω0

and Ω1 are isotopic if and only if they define the same total volume, i.e.
∫
M

Ω0 =
∫
M

Ω1.

Proof. The only if direction is clear, since having the same total volume is necessary
for the existence of an isotopy.

For the if direction, we use Moser’s trick. We pick a primitive α of Ω1 − Ω0 and we
define Ωt = Ω0 + tdα. Now we differentiate the equation ϕ∗tΩt = Ω0:

0 =
d

dt
ϕ∗tΩt = ϕ∗t

(
dιXtΩt +

dΩt

dt

)
And we pick the unique Xt satisfying ιXtΩt+α = 0. Here the key remark is that Ωt, be-
ing non-degenerate, provides a correspondence between vector fields and codimension-1
differential forms.

3.5 The Moser argument for submanifolds

We can use Moser’s argument to prove that if two symplectic forms agree at every point
of a compact submanifold N , then they are symplectomorphic in a neighborhood of
N .
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Proposition 3.41 (Moser’s argument). Let M be a 2n-dimensional manifold, N ⊂M
a compact submanifold, and ω0 and ω1 symplectic forms on M such that ω0(p) = ω1(p)
for every p ∈ N .

Then, there exist open neighbourhoods U0 and U1 of N and a symplectomorphism ψ :
(U0, ω0)→ (U1, ω1) such that ψ|N = IdN .

Proof. Let i denote the embedding of N in M . Choose a tubular neighbourhood of N ,
i.e. a diffeomorphism

χ : (TM |N)/TN → U

onto an open neighborhood U of N in M . Define

(ϕt)t∈[0,1] : U → U, ϕt(χ(x, v)) = χ(x, tv)

i.e. ϕt retracts U onto N .

The first step in the proof is to show that there exists a neighbourhood of N in which
τ = ω1 − ω0 is exact. This follows from a relative version of de Rham’s theorem:
Since U retracts onto N , we have that H∗dR(U) ∼= H∗dR(N). The form τ |N is identically
zero and thus exact in N , so it is exact in U as well. Nonetheless, let us explain for
completeness how a particular primitive of τ can be built.

For any t > 0, we can consider the vector field Yt generating ϕt. Convince yourself that
this vector field explodes as t goes to zero but its size along the image ϕt(U) (which
becomes smaller and smaller) remains bounded. We compute:

d

dt
(ϕ∗t τ) = ϕ∗t (LYtτ) = ϕ∗t (ιYtdτ + dιYtτ) = d(ϕ∗t (ιYtτ)),

where we applied that τ is closed. The form βt = ϕ∗t (ιYtτ) vanishes along N because
τ itself vanishes along N . The remark above implies that there is a well-defined limit
β0 = 0 as t→ 0. Now we have:

τ = ϕ∗1τ = ϕ∗0τ +

∫ 1

0

dβt = d

(∫ 1

0

βt

)
= dβ,

where β vanishes along N , as claimed.

Now we apply Moser’s argument to the family of forms ωt = ω0 + tdβ, t ∈ [0, 1].
Clearly ωt is closed for all t. Since ω0 and ω1 agree along N , ωt|N = ω0 and since
non-degeneracy is an open condition, by shrinking U if necessary, we can make sure
that ωt|U is non-degenerate for all t.

Let Xt be the unique vector field satisfying

β + ωt(Xt, ·) = 0.
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By construction Xt is zero along N . Note that U is an open manifold. We can
apply the results at the beginning of the Chapter to show that there exists a tubular
neighborhood U0 of N such that the flow (ψt)t∈[0,1] of Xt exists for all x ∈ U0 and
t ∈ [0, 1] and ψt(U0) ⊂ U for all t ∈ [0, 1]. We set U1 = ψ1(U0), so ψ1 : U0 → U1 is a
symplectomorphism that by construction is the identity along N .

The following result, known as Darboux’s theorem is now a simple corollary of the
above proposition, but for historical reasons we will still call it a theorem. The original
proof did not make use of Moser’s argument.

Theorem 3.42 (Darboux’ theorem). Let (M,ω) be a symplectic manifold of dimension
2n. Then for every point x ∈ M there exists a neighborhood U of x and a chart
ϕ : U → R2n such that ϕ∗ωstd = ω.

Proof. Let ψ be any chart centered at x. By the classification result for symplectic
vector spaces, we find a linear isomorphism Φ of R2n such that ω coincides with Φ∗ψ∗ω0

at the point x. We can now apply the above proposition, with N = {x}.

Darboux’ theorem already showcases how these local form theorems work: we first
use some linear transformation in the normal bundle of the submanifold to make ω
agree with the model symplectic structure (in this case, ωstd), and then we apply
Moser’s trick. In order to apply it for more complicated submanifolds, we need some
preliminary results on linear algebra.

3.6 Symplectic bundles

Definition 3.43. Let π : E → M be a (smooth) real vector bundle of rank 2n. A
symplectic structure ω on E is a smooth section of ∧2E∗ →M which is symplectic
on each fibre. We call (E,ω) a symplectic vector bundle.

Identically, a symplectic structure ω is a collection (ωp)p∈M of symplectic forms ωp on
each fibre Ep, varying smoothly with p.

An isomorphism of symplectic vector bundles (E,ω) and (E ′, ω′) is a vector
bundle isomorphism Φ : E → E ′ covering the identity map on M and satisfying
Φ∗ω′ = ω.

Given a subbundle W of a symplectic vector bundle (E,ω), we can define its ω-
orthogonal:

W ω = {(p, v)|p ∈M and v ∈ W ωp
p }.
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Homework 3.44. Prove that W ω is a smooth subbundle whenever W is a smooth
subbundle of (E,ω).

Much like for symplectic vector spaces, we can define:

Definition 3.45. An almost complex structure J on a real vector bundle E is a
smooth section of End(E) satisfying J2 = IdE.

Let (E,ω) be a symplectic vector bundle. An almost complex J is ω-compatible if
Jp is ωp-compatible for every p ∈ M . The space of compatible complex structures on
(E,ω) is denoted by J (E,ω).

In the linear algebra chapter we saw that the space of compatible almost complex
structures on a symplectic vector space is non-empty and contractible. The elements
of J (E,ω) are therefore sections of a bundle with contractible fibre, so we readily
deduce:

Theorem 3.46 (Space of compatible complex structures on a symplectic vector bun-
dle). For any symplectic vector bundle (E,ω), the space of compatible complex struc-
tures J (E,ω) is non-empty and contractible.

Example 3.47. If (M,ω) is a symplectic manifold, then (TM,ω) is symplectic vector
bundle.

Example 3.48. If E →M is any vector bundle, there is a canonical symplectic structure
on the Whitney sum E ⊕ E∗, defined by

(ωE)p((v, η), (v′, η′)) = η(v′)− η′(v) for all v, v′ ∈ Ep, η, η′ ∈ E∗p .

Example 3.49. If N is a symplectic submanifold of M , then TN is a symplectic
subbundle of TM |N . Additionally, we have a symplectic direct sum decomposition
TM |N = TN ⊕ TNω.

Example 3.50. Let (E,ω) be a symplectic vector bundle. If we choose J ∈ J (E,ω),
the pair (E, J) is a complex vector bundle in the usual sense. As such, we can associate
to it characteristic classes (like the Chern classes). Since J (E,ω) is contractible, any
two J0 and J1 we may choose are homotopic. From this, it follows that (E, J0) and
(E, J1) are isomorphic as complex vector bundles. The punchline is that (E,ω) has a
unique structure as a complex vector bundle.

One can then show:

Proposition 3.51 (Normal form for subbundles of symplectic vector bundles). Let
(E,ω) → M be a rank 2n symplectic vector bundle. Let W ⊂ E be a rank 2k + l
subbundle, such that V = W ∩W ω has constant rank l. Then:

(E,ω) ∼= (W/V, ω)⊕ (W ω/V, ω)⊕ (V ⊕ V ∗, ωV ).
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Proof. Fix a metric g in E. Then we can find symplectic vector subbundles A ⊂ W
and B ⊂ W ωp of ranks 2k and 2(n − k − l), respectively; they are the g-orthogonals
to V within W and W ω. A is isomorphic to W/V as a vector bundle and in fact, due
to the results we proved about linear symplectic reduction, the projection (A, ω|A)→
(W/V, ω) is a linear symplectomorphism over each fibre. The same holds for (B,ω|B)→
(W ω/V, ω).

By construction A, B, and V are ω-orthogonal. Then (A ⊕ B)ω is a symplectic
subbundle containing a Lagrangian subbundle V . The uniqueness statement for La-
grangian subspaces of a symplectic vector space, in its parametric version, tells us that
((A⊕B)ω, ω) ∼= (V ⊕ V ∗, ωV ). This concludes the claim.

Corollary 3.52. Let L be a Lagrangian submanifold of a symplectic manifold (M,ω).
Then (TM |L, ω)→ L is isomorphic as a symplectic bundle to (TL⊕ T ∗L, ωL)→ L.

Corollary 3.53. Let L be a Lagrangian submanifold of a symplectic manifold (M,ω).
Then the normal bundle ν(L) of L is isomorphic (as a smooth bundle) to T ∗L.

Proof. This follows from the corollary. Two direct proofs would be as follows.

Choose an ω-compatible almost complex structure J on TM . Then J(TL) ⊂ TM |L
is a complement of TL and the two are isomorphic as bundles by construction. Since
T ∗L and TL are duals and therefore (non-canonically) isomorphic, the claim follows.

Alternatively, observe that i∗ ◦ [ω : ν(L) → T ∗M |L → T ∗L provides the desired
isomorphism, where i : L→M is the inclusion.

Corollary 3.54. Let L be an isotropic submanifold of a symplectic manifold (M,ω).
Then

(TM |L, ω) ∼= (TLω/TL, ω)⊕ (TL⊕ T ∗L, ωL).

Corollary 3.55. Let L be an symplectic submanifold of a symplectic manifold (M,ω).
Then

(TM |L, ω) ∼= (TL, ω)⊕ (TLω, ω).

3.7 Normal forms close to symplectic,

(co-)isotropic, and Lagrangian submanifolds

Now we are ready to provide some general normal form theorems for compact subman-
ifolds of a symplectic manifold (M,ω). Our goal is to proceed as we did for Darboux’
theorem: first we trivialise the tubular neighbourhood so that ω agrees with the model
symplectic form at a linear level along the submanifold. Then we apply Moser’s trick.
Because of this, we needed to look at the linear algebra of symplectic bundles.
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Lagragian case

The easiest situation in which we can apply this approach is Weinstein’s Lagrangian
tubular neighborhood theorem. It states that a neighborhood of a Lagrangian sub-
manifold L ⊂ (M,ω) depends symplectically only on the differential topology of L.
Before we state and prove it, we need a classic result from differential topology. It
says that any linear isomorphism of the tangent bundle along a submanifold can be
extended to a local diffeomorphism of tubular neighbourhoods.

Lemma 3.56 (Whitney extension theorem). Let Mi be smooth manifolds and let Li ⊂
Mi be closed smooth submanifolds. Suppose there is a diffeomorphism f : L0 → L1 and
a linear isomorphism F : TM0|L0 → TM1|L1 lifting f and satisfying with F |TL0 = df .

Then there are tubular neighbourhoods Ui of Li and a diffeomorphism ϕ : U0 → U1

satisfying ϕ|L0 = f and dϕ|L0 = F .

Proof. Choose a metric gi in Ui, such that F ∗(g1|L1) = g0|L0 . Using the metric gi we
obtain the normal bundle of Li as the orthogonal complement ν(Li) of TLi in TMi|Li .
Note that F (ν(L0)) = ν(L1) by construction.

Denote the exponential map of gi by expi : ν(Li) → Ui. For some small time ε
both expi are embeddings of the disc bundle Dεν(Li) into Ui. For possibly smaller
ε, ϕ : exp1 ◦ exp−1

0 is an embedding of a tubular neighbourhood of L0 onto a tubular
neighbourhood of L1. By construction ϕ|L0 = f and dϕ|L0 = F .

Then:

Theorem 3.57 (Weinstein’s Lagrangian neighbourhood theorem). Let L be a compact
Lagrangian submanifold of a symplectic manifold (M,ω). Then there exist a neighbour-
hood U of the zero section in T ∗L, a neighbourhood V of L in M , and a symplecto-
morphism ϕ : (V, ω)→ (U, ωcan).

Proof. According to Corollary 3.52, there is a symplectic isomorphism Ψ : (TM |L, ω)→
(TL⊕ T ∗L, ωL). Using Whitney’s extension we can find a diffeomorphism ψ : V → U
whose differential dψ along L0 is precisely Ψ. That is, ψ∗ωcan and ω agree along L ⊂ V .
We then apply Proposition 3.41 to ω0 = ω and ω1 = ψ∗ωcan, which provides the desired
identification of local models.

General case

Now we can state the more general normal form result for submanifolds of a symplectic
manifold:
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Theorem 3.58 (Symplectic normal forms). Let ω0 and ω1 be symplectic forms on
a manifold M , and N ⊂ M a compact submanifold such that ω0|N = ω1|N . Sup-
pose moreover that K := ker(ω0|N) = ker(ω1|N) has constant rank, and the bun-
dles (TNω0/K, ω0) and (TNω1/K, ω1) are isomorphic as symplectic vector bundles.
Then there exist tubular neighborhoods U0 and U1 of N and a symplectomorphism
ϕ : (U0, ω0)→ (U1, ω1) such that ϕ|N = IdN .

Proof. By Proposition 3.51, we have that

(TM |N , ω0) ∼= (TN/K, ω0)⊕ (TNω0/K, ω0)⊕ (K ⊕K∗, ωK),

and similarly for ω1. By hypothesis, the right hand side is isomorphic for ω0 and ω1.
Hence the left hand side is also isomorphic, i.e, there exists a symplectic vector bundle
isomorphism Φ : TM |N → TM |N with such that Φ|TN = Id.

Then by the Whitney Extension theorem, Φ extends to a an embedding ϕ : U → M
of a tubular neighborhood of N such that ϕ|N = IdN and dpϕ = Φp for all p ∈ N .
It follows that ϕ∗ω1 = ω0 along N . We can now apply Moser’s argument to the
submanifold N and the symplectic forms ω0 and ϕ∗ω1.

All the normal forms for submanifolds of a symplectic manifold are corollaries of this
result. For instance:

Corollary 3.59 (Symplectic neighbourhood theorem). Let ω0 and ω1 be symplectic
forms on a manifold M , and N ⊂ M a compact submanifold such that ω0|N = ω1|N
is symplectic. Suppose moreover that the bundles (TNω0 , ω0) and (TNω1 , ω1) are iso-
morphic as symplectic vector bundles. Then there exist tubular neighborhoods U0 and
U1 of N and a symplectomorphism ϕ : (U0, ω0)→ (U1, ω1) such that ϕ|N = IdN .

And:

Corollary 3.60 (Isotropic neighbourhood theorem). Let (M0, ω0) and (M1, ω1) be
symplectic manifolds and let Ni ⊂ (Mi, ωi) be isotropic submanifolds diffeomorphic
to one another. Suppose furthermore that there is a symplectic isomorphism between
(TNω0

0 /TN0, ω0) and (TNω1
1 /TN1, ω1) lifting a diffeomorphism between N0 and N1.

Then there exist tubular neighborhoods Ui of Ni and a symplectomorphism ϕ : (U0, ω0)→
(U1, ω1) such that ϕ(N0) = N1.

Model around a cosymplectic or contact hypersurface

Let (N,α ∈ Ω1(N)) be a contact manifold with α a contact form. The manifold
S(N,α) = (R×N, d(etα)), where t is the coordinate in R, is called the symplectisa-
tion.
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Proposition 3.61. Any contact hypersurface (N,α = iXω) in a symplectic manifold
(M,ω) has a neighbourhood which is symplectomorphic to a neighbourhood of 0×N in
its symplectisation.

Proof. First we show that the symplectisation is indeed symplectic. We can readily
expand and prove the claim:

d(etα) = et(dt ∧ α + dα),

d(etα)n = etndt ∧ α ∧ dαn−1 6= 0

where the last inequality follows from the definition of contact structure.

Now we note that the characteristic foliations of N in M and in its symplectisa-
tion agree, since they are given by ker(dα). This provides an isomorphism TNω and
TNd(etα) which allows us to apply the neighbourhood theorem.

You can readily check that ∂t is a contact vector field in S(N,α). In fact, the normal
form theorem we just stated can be proven without invoking the general theorem by
identifying N with 0 × N and taking the vector field X (which is defined close to
N ⊂ M) to ∂t (which is defined in the model). The Liouville form associated to ∂t in
the model is precisely etα. In particular, you can observe that ∂t expands the Liouville
form (and its derivative, the symplectic form) exponentially.

Analogously, let (N,α ∈ Ω1(N), ν ∈ Ω2(N)) be a cosymplectic manifold (i.e. α and
ν are closed and α ∧ νn−1 6= 0). The manifold S(N,α, ν) = (R×N, dt∧ α+ ν), where
t is the coordinate in R, is called the symplectisation.

Proposition 3.62. Any cosymplectic hypersurface (N,α = iXω, ν = ω|N) in a sym-
plectic manifold (M,ω) has a neighbourhood which is symplectomorphic to a neighbour-
hood of 0×N in its symplectisation.

Proof. The symplectisation is symplectic:

(dt ∧ α + ν)n = dt ∧ α ∧ νn−1 6= 0.

The characteristic foliations of N in M and in its symplectisation agree, since they are
given by ker(ν), so we may apply the neighbourhood theorem.

In the model ∂t is readily seen to be a symplectic vector field.
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3.8 Some applications of normal forms

The relationship between the Arnol’d conjectures

The Arnol’d conjecture for Hamiltonian symplectomorphisms states that any
Hamiltonian symplectomorphism ϕ on a closed symplectic manifold (M,ω) satisfies:

|{fixed points of ϕ}| ≥ inf
f :L→R

|critical points of f |.

The Arnol’d conjecture for Lagrangian intersections states that for any closed
Lagrangian L and any Hamiltonian symplectomorphism ϕ on a symplectic manifold
(M,ω) we have:

|L ∩ ϕ(L)| ≥ inf
f :L→R

|critical points of f |.

The second conjecture subsumes the first. Indeed, let ϕ = ϕ1 be a Hamiltonian
symplectomorphism, let (ϕt)t∈[0,1] be a Hamiltonian isotopy generating it, and Ht :
M → R the corresponding family of Hamiltonian functions. The graphs Γϕt ⊂ (M ×
M,ω ⊕ (−ω)) form a Lagrangian isotopy. Fixed points of ϕ1 correspond exactly to
intersections of Γϕ1 with Γϕ0 , which is just the diagonal. The Hamiltonian −π∗2Ht on
M ×M , which does not depend on the first copy of M , generates the Hamiltonian
isotopy Id⊕ϕt in M ×M . This isotopy takes the graphs to one another Id⊕ϕt(ΓId) =
Γϕt .

Corollary 3.63. Suppose (M,ω) is compact, not just a point, and satisfies H1
dR = 0.

Then every ϕ ∈ Symp(M,ω) C1-close to the identity has at least 2 fixed points.

Proof. By Weinstein’s Lagrangian neighborhood theorem, a neighborhood of the La-
grangian diagonal ∆ = ΓId ⊂ M ×M can be symplectically identified with a neigh-
borhood of the zero section in the cotangent bundle T ∗M .

If ϕ is C0-close to the identity, Γϕ ⊂ M ×M is C0 close to the diagonal ∆ = ΓId, so
it is contained in Weinstein’s standard neighbourhood. If ϕ is additionally C1-close,
the graph is in fact graphical over the zero section and it corresponds to the graph of
a 1-form σ. Here the assumption H1

dR = 0 tells us that σ is in fact exact, and thus
of the form df , for f a function. Since M is compact (unless it is a point), f must
have at least a maximum and a minimum which are distinct. Each critical point of
f corresponds to an intersection of σ with the zero section, which corresponds to an
intersection of Γϕ with the diagonal, proving the claim.

Remark 3.64. This result fails if H1
dR 6= 0; for instance, consider the translation on the

torus T2 = R2/Z2. Even if H1
dR 6= 0, the result still holds for Hamiltonian symplec-

tomorphisms. If we want a Hamiltonian symplectomorphism to be C1-small, we must



3.8. SOME APPLICATIONS OF NORMAL FORMS 59

require that the Hamiltonian functions generating it are C2-small. Then, one observes
that C1-small Hamiltonian symplectomorphisms correspond to exact 1-forms in the
Weinstein neighbourhood of the diagonal.

Gompf’s connected sum construction

Let (N,ωN) and (Mi, ωi) be symplectic manifolds. Suppose we have two symplectic
embeddings (fi)i=1,2 : (N,ωn)→ (Mi, ωi), where N has codimension 2. Then

(TMi|N , ωi) = (TN, ωN)⊕ (Di, ωDi),

where Di is a real 2-dimensional bundle. For simplicity we will assume that the Di

are trivial bundles. Then the symplectic neighborhood theorem tells us that that the
local model around N is

(ν(N), ωi) = (N × D2
ε, ωN + rdr ∧ dθ),

where (r, θ) are polar coordinates on the disc. Observe now that the annulus A = D2
ε \

{0} admits a symplectic automorphism that interchanges the boundary components:

ψ : A→ A; ψ(r, θ) = (
√
ε2 − r2,−θ).

This allows us to construct the fibre connected sum of M1 and M2 along N by
glueing as follows:

M1 ∪N M2 = (M1 \ f1(N)) ∪IdN×ψ (M2 \ f2(N)).

By construction this manifold carries a natural symplectic structure. This structure
coincides with ω1 and ω2 outside of a tubular neighborhood of N . In particular, away
from N nothing changes; for instance, symplectic/Lagrangian submanifolds of Mj that
are disjoint from N stay symplectic/Lagrangian.

Remark 3.65. This construction can still be carried out if (D1, ωD1) and (D2, ωD2)
are dual to each other as complex line bundles. This duality allows exactly for the
existence of the boundary reversing automorphism of the annulus.

This above construction was used by Gompf to prove:

Theorem 3.66. Any finitely generated group G appears as the fundamental group of
some compact, 4-dimensional symplectic manifold.

Gompf’s contraction is an example of how to construct new symplectic manifolds from
old ones by surgery. In the next section we will see how to construct new symplectic
manifolds from symmetry.





Chapter 4

Flexibility in Symplectic Topology

In this chapter we will introduce contact structures, which are a particular class of
bracket-generating distributions. We will first see that they appear very naturally in
the study of symplectic structures. In particular, we will see that the problems of
constructing and classifying symplectic and contact structures are extremely related.

4.1 Hypersurfaces in symplectic manifolds

A couple of chapters back we looked at submanifolds of symplectic manifolds and we
eventually proved normal form theorems for their neighbourhoods. For hypersurfaces
our findings could be summarised as follows:

Proposition 4.1. Let (M,ω) be a symplectic manifold and let N ⊂M be a hypersur-
face. Then:

� N is coisotropic. Its characteristic foliation ker(ω|N) is a line field (i.e. it is
1-dimensional).

� The symplectic structure ω|U in a sufficiently small tubular neighbourhood U ⊃ N
is completely determined by ω|N .

In particular, we saw that the dynamics of ker(ω|N) are an important invariant of N
(and its neighbourhood U) up to symplectomorphism.

Even though the proposition tells us that the restriction ω|N determines the tubular
neighbourhood, we have not provided an explicit expression for ω|U in terms of ω|N .
We will now look at a couple of cases in which this is possible (not quite in terms of
ω|N but some extra data).

61
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Cosymplectic hypersurfaces

Definition 4.2. A hypersurface N ⊂ (M2n, ω) is cosymplectic if there is a symplectic
vector field X in a neighbourhood of N which is transverse to N .

To understand the tubular neighbourhood, we must first understand a bit better the
structure that N inherits from M , ω, and X:

Lemma 4.3. If N is cosymplectic and closed, there is a non-zero class in H1
dR(N) that

can be represented by a non-vanishing 1-form α.

Proof. X being symplectic means that its flow preserves ω, that is, LXω = 0. Since
X is transverse to N , it is in particular non-vanishing close to N . We can expand
this expression LXω = d(ιXω); we deduce that α = ιXω is a closed 1-form that is
non-vanishing.

Then we have that:

0 6=
∫
N

ιXω
n

n
=

∫
N

α ∧ ωn−1.

That is, from α and ω we can define a volume form α ∧ ωn−1 on N . Since N is
closed, this implies that at the level of cohomology [α][ω]n−1 is non-zero in H2n−1

dR (N),
so [α] 6= 0 ∈ H1

dR(N).

A famous theorem of Tischler tells us that being cosymplectic constrains quite heavily
the smooth topology of N :

Theorem 4.4. Let N be a closed smooth manifold admitting a non-vanishing closed
1-form. Then N is a smooth fibre bundle over S1 (i.e. a mapping torus).

Proof. See the exercise sheet.

Now, we can abstract the properties of being a cosymplectic hypersurface. This leads
us to the definition:

Definition 4.5. A cosymplectic manifold is a triple (N2n−1, ν, α) where ν ∈ Ω2(N)
and α ∈ Ω1(N) are closed and α ∧ νn−1 6= 0 is a volume form.

Its symplectisation S(N,α, ν) is the pair (R×N, dt∧α+ν), where t is the coordinate
in R.

Proposition 4.6. Any closed cosymplectic hypersurface (N,α = iXω, ν = ω|N) in
a symplectic manifold (M,ω) has a neighbourhood which is symplectomorphic to a
neighbourhood of 0×N in the symplectisation.
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Proof. The symplectisation is symplectic, thanks to the closedness of α and ν, and the
computation:

(dt ∧ α + ν)n = dt ∧ α ∧ νn−1 6= 0.

In this model ∂t is readily seen to be a symplectic vector field transverse to 0×N .

Both dt∧α+ν and ω restrict to N as ν. In particular, the characteristic foliations agree,
since they are given by ker(ν). We may apply the standard neighbourhood theorem
for hypersurfaces to find a symplectomorphism between tubular neighbourhoods.

Cosymplectic manifolds play an important role in Poisson Geometry, where they appear
as some of the simplest singularities a Poisson structure may have. In Symplectic
Topology they play some role as boundaries of symplectic manifolds, but they are
rather special (because their topology is special!).

Contact hypersurfaces

Another class of hypersurfaces whose smooth topology is much less constrained is the
following:

Definition 4.7. A (possibly only locally defined) vector field X in a symplectic manifold
(M2n, ω) is Liouville if LXω = ω. Its associated Liouville form is the 1-form
λ = ιXω.

A hypersurface N ⊂ (M2n, ω) is contact if there is a Liouville vector field X in a
neighbourhood of N which is transverse to N .

Contact hypersurfaces are much more ubiquitous in symplectic manifolds than cosym-
plectic ones. We will explore this in depth during the rest of the chapter.

Here are some key facts:

Proposition 4.8. Let (M,ω) be a symplectic manifold.

a. A vector field X is Liouville if and only if the form ιXω is a primitive of ω.

b. Let (ϕt)t∈R : M →M be the flow of a Liouville vector field X. Then ϕ∗tω = etω.

c. Let (ϕt)t∈R : M →M be the flow of a Liouville vector field X. Then ϕ∗tλ = etλ,
where λ is the Liouville form.

d. If (M,ω) admits a globally defined Liouville vector field, M is necessarily open.

e. Let N ⊂ M be transverse to the Liouville vector field X and therefore contact.
Then α = (ιXω)|N is non-vanishing and satisfies α ∧ dαn−1 6= 0.
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Proof. Let X be a vector field and let λ = ιXω be the corresponding 1-form obtained
using [ω. Then X is Liouville if and only if ω = LXω = d(ιXω) = dλ, proving (a.).

Statement (a.) says that ∂t(ϕ
∗
tω) = ω, which is the usual ODE defining the exponential,

so we deduce that ϕ∗tω = etω. That is, as we flow along X, the symplectic form is
expanded exponentially, proving (b.). Similarly, we may compute:

LXλ = d(ιXλ) + ιXdλ = ιXω = λ.

That is, λ is also expanded exponentially, proving (c.) (from which (b.) could be
deduced too).

If X is defined globally, we have that ω = dλ, for some Liouville form λ which is
globally defined. This tells us that ωn, which is a volume form, is exact with primitive
λ ∧ ωn−1, so the manifold must be open, proving (d.).

By construction we have that ιXω
n = nλ ∧ ωn−1. Since X is transverse to N and ωn

is a volume form, we deduce that

λ ∧ ωn−1|N = α ∧ dαn−1

is a volume form as well, proving (e.).

Just as we did in the cosymplectic case, we can abstract the properties of a hypersurface
of contact type, yielding the following notion:

Definition 4.9. Let N be a (2n− 1)-dimensional manifold. A hyperplane field ξ is a
contact structure if for any (possibly locally defined) 1-form α satisfying ker(α) = ξ,
we have that:

α ∧ dαn−1 6= 0.

Such a 1-form is said to be a contact form. The pair (N, ξ) is said to be a contact
manifold.

Given a contact manifold (N, ξ) with a global choice of contact form α, we say that its
symplectisation S(N,α) is the pair (R×N, d(etα)), where t is the coordinate in R.

There are a few things to unpack here (for instance: why do we look at ξ and not just
at α?), but let us delay these questions and just provide the normal form theorem we
promised:

Proposition 4.10. Any contact hypersurface (N,α = iXω) in a symplectic manifold
(M,ω) has a neighbourhood which is symplectomorphic to a neighbourhood of 0×N in
the symplectisation S(N,α).
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Proof. First we show that the symplectisation is indeed symplectic. We can readily
expand and prove the claim:

d(etα) = et(dt ∧ α + dα),

d(etα)n = etndt ∧ α ∧ dαn−1 6= 0

where the last inequality follows from the definition of contact structure.

The characteristic foliations of N in M and in its symplectisation agree, since they
are given by ker(dα). Further, both d(etα) and ω restrict to N as dα, yielding the
claim.

Remark 4.11. You can readily check that ∂t is a Liouville vector field in S(N,α). The
Liouville form associated to ∂t in the model is etα. In particular, ∂t expands the
Liouville form (and its derivative, the symplectic form) exponentially.

The normal form theorem can be proven using these facts without invoking the Moser
trick: We identify N with 0×N and we take the vector field X (which is defined close
to N ⊂M) to ∂t (which is defined in the model). This provides a symplectomorphism
of neighbourhoods. �

Let us look at some examples of contact hypersurfaces:

Example 4.12. Let (T ∗L, ωcan) be the cotangent bundle of the closed smooth manifold
L. Let X be the vector field in T ∗L defined locally by

∑
i pi∂pi , i.e. the radial vector

field. We know that ωcan may be written locally as
∑

i dpi ∧ dqi, so we check:

LXωcan = d(ιXωcan) = d(
∑
i

pidqi) = dλcan = ωcan.

That is, X is Liouville and the corresponding Liouville form is the usual Liouville form
in T ∗L (hence the name)!

Now, let N be a hypersurface in T ∗L which is transverse to X. Being transverse to
X, it is in particular transverse to the fibres of T ∗L. Then, we may consider the
intersection Np = N ∩ T ∗pL, for each p ∈ L; it is a smooth manifold. Further, Np

is transverse to X, which tells us that Np bounds a star-shaped domain in T ∗pL. In
particular, it is diffeomorphic to a sphere. The punchline of this is that any contact
type hypersurface in T ∗L (with respect to the radial X), is diffeomorphic to the sphere
cotangent bundle ST ∗L. For other choices of X (which we will see later), one can find
other contact hypersurfaces.

Let us describe the contact structure ξcan = ker(λcan) in ST ∗L in slightly different
terms. Points in p ∈ ST ∗L correspond to oriented hyperplanes in L. Indeed, the



66 CHAPTER 4. FLEXIBILITY IN SYMPLECTIC TOPOLOGY

correspondence is given by p → ker(p) ⊂ Tπ(p)L. As such, we think of ST ∗L as the
Grassmannian bundle of oriented hyperplanes in L. Then:

ξcan(p) = ker(λcan(p)) = π−1(ker(p)).

That is, ξcan is the tautological hyperplane in the Grassmannian. The pair (ST ∗L, ξcan)
is often called the oriented space of contact elements. �

Example 4.13. Let (Cn, ωstd). The radial vector field

X =
1

2

∑
i

xi∂xi + yi∂yi

is Liouville with Liouville form

λcan =
1

2

∑
i

xidyi − yidxi.

Any hypersurface N in Cn transverse to X bounds a star-shaped domain and is dif-
feomorphic to the sphere. In particular, the unit sphere is contact. �

4.2 Contact forms

We will now go through some fundamental facts about contact structures. Let us study
first the interplay between a contact structure and the corresponding contact forms.

The symplectisation

The following applies to contact structures but it is more general:

Lemma 4.14. Let ξ be a hyperplane field. Let α and β be (possibly locally defined)
1-forms with ξ = ker(α) = ker(β). Then β = fα, with f a nowhere vanishing function.

Proof. Since β and α have the same kernel ξ, we can simply set f = β/α (defined
wherever β and α are defined).

Another way of stating this is that hyperplane fields in N correspond to 1-forms up
to the equivalence relation α ∼= fα, with f nowhere vanishing. I.e. the bundle of
hyperplane fields is isomorphic to the projectivisation PΩ1(N).

When we defined the symplectisation, we did so in terms of α. However:

Lemma 4.15. Let (N, ξ) be a contact manifold with α a contact form. Then S(N,α)
is symplectomorphic to S(N, fα) for any f positive.
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Proof. We claim that the symplectomorphism Ψ is simply

(t, p) ∈ S(N, fα)→ (log(f)t, p) ∈ S(N,α).

Indeed, we compute:
Ψ∗(etα) = elog(f)tβ = etfα.

For f negative we cannot reason in the same manner. In fact, the forms α and −α do
not have, necessarily, symplectomorphic symplectisations.

Remark 4.16. The previous lemma tells us that the symplectisation does not depend
on α but only on ξ (plus a choice of sign). In particular, (N, fα) sits in S(N,α) as the
graph of log(f). However, do note that there cannot be a symplectomorphism between
a neighbourhood of 0×N and the graph of log(f) as soon as f is large, simply because
the volumes ∫

N

α ∧ dαn−1 and

∫
N

fnα ∧ dαn−1

will be different. �

The contact condition

One can rephrase the contact condition as follows:

Lemma 4.17. Let ξ = ker(α) be a hyperplane field with α a 1-form. Then ξ is contact
if and only if (ξ, dα|ξ) is a symplectic bundle.

Proof. Indeed, by definition we have that ξ is contact if and only if α∧ dαn 6= 0. This
amounts to dαn being a volume form on the bundle ξ, which is equivalent to (ξ, dα|ξ)
being a symplectic bundle.

However, this symplectic bundle structure is not unique, because the choice of α is not
unique. However:

Lemma 4.18. A contact structure ξ defines uniquely a conformal symplectic bun-
dle (ξ, [dα]).

Proof. Let us explain the notation: A conformal symplectic structure ν on a vector
space V is an equivalence class of symplectic forms up to non-zero scaling. Given a
symplectic form ω in V , we denote by [ω] its equivalence class. If instead of a vector
space we have a bundle E → N , we say that a conformal symplectic structure on E is
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a smooth family of fibrewise conformal symplectic structures. This is equivalent to a
choice of transition functions for E taking values in the conformal symplectic group

{A ∈ GL(R2n)|cA ∈ Sp(R2n, ωstd) for some c 6= 0}.

Given a contact form fα for ξ, we have that:

d(fα) = df ∧ α + fdα.

Since α|ξ = 0, we have that

[d(fα)|ξ] = [fdα|ξ] = [dα|ξ]

so the conformal symplectic structure on ξ is well-defined independently of the choice
of f .

In the Chapter about tangent distributions we observed that a hyperplane field ξ is
involutive/integrable if and only if the dual 1-form α annihilating it satisfies dα|ξ = 0
(or, identically, α ∧ dα = 0). As such, the contact condition (i.e dα|ξ is symplectic)
is a complete opposite. For this reason, contact structures are said to be maximally
non-integrable distributions.

Like in the symplectic case:

Lemma 4.19. Consider the flat map

[dα : X(N)→ Ω1(N).

Given by [dα(X) = ιXdα. Then:

� Its image is the space of 1-forms that vanish on ker(dα).

� Given a 1-form β vanishing on ker(dα) and two preimages X and X ′, we have
that X −X ′ ∈ ker(dα).

Proof. Clearly ιXdα vanishes on ker(dα), so we just need to prove that any form
vanishing on ker(dα) is in the image of [dα. This follows from the first isomorphism
theorem by comparing dimensions. The second claim follows because X −X ′ is in the
kernel of [dα.



4.3. CONTACT DYNAMICS 69

Orientations

Let us prove a little remark about orientations:

Lemma 4.20. Let (M, ξ) be a contact manifold of dimension 2n+ 1. Then

� If n is even: ξ is canonically oriented. TM is orientable if and only if ξ is
coorientable.

� If n is odd: TM is canonically oriented. ξ is orientable if and only if it is
coorientable.

Proof. Pick a (possibly locally defined) contact form α. The expression α∧dαn orients
M , dαn orients ξ, and α coorients ξ. I.e. everything is oriented once a particular
contact form is chosen.

Suppose that now we take fα, with f a nowhere vanishing function. Then the orienta-
tion of M it provides is fn+1α∧dαn, the orientation of ξ is fndαn, and the coorientation
is fα.

Thus, if n is even, the orientation of ξ does not depend on the contact form. If f is
odd, it is the orientation of M that does not. The other claims follow immediately.

For instance, a 3-dimensional contact manifold has a canonical orientation. Thus, given
an oriented 3-manifold M , we may then talk about positive contact structures (those
whose orientation is compatible with the given one) and negative contact structures.

4.3 Contact dynamics

Any hypersurface of contact type N ⊂ (M,ω) has some associated dynamics, which
are simply ker(ω|N). The same is true for an abstract contact manifold:

Definition 4.21. Let (N, ξ) be a contact manifold with α a choice of contact form.
To α we can uniquely assign a Reeb vector field Rα defined by the equations:

ιRαdα = 0 and ιRαα = 1.

The flow generated by Rα is said to be a Reeb flow.

The first condition tells us that if N sits in a symplectic manifold as a contact hy-
persurface, the Reeb dynamics are just the usual dynamics. The second condition is
a normalisation condition (so that we additionally get a vector field instead of just a
line field). Note that any contact manifold admits many Reeb flows by varying α; all
of them are transverse to ξ.
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Remark 4.22. The Reeb vector field trivialises the normal bundle TN/ξ to ξ. Equiva-
lently, any contact form α trivialises its dual (TN/ξ)∗. A contact structure admitting
a global contact form like this is said to be coorientable. There are non-coorientable
contact structures (i.e. contact structures such that TN/ξ is non-trivial and therefore
non-orientable). See the Example 4.35 below. �

Remark 4.23. Let (W,ω) be a symplectic manifold and H : W → R a smooth Hamilto-
nian function. To H we assign the corresponding Hamiltonian vector field XH defined
by ιXHω = dH. If N is a regular level set of H, we showed that XH spans pre-
cisely ker(ω|N). This means that the canonical dynamics we have been looking at are
in fact Hamiltonian. In particular, Reeb dynamics are Hamiltonian dynamics (in an
“abstract” level set). �

Example 4.24. Fix coordinates (x1, · · · , xn, y, z1, · · · , zn) in R2n+1. The standard con-
tact structure is:

ξstd = ker(αstd) αstd = dy −
∑
i

zidxi.

It can be seen that it is contact by computing:

dαstd =
∑
i

dxi ∧ dzi,

αstd ∧ (dαstd)n = n!dy ∧ dx1 ∧ dz1 ∧ · · · dxn ∧ dzn.

The Reeb vector field of αstd is just ∂y. �

Example 4.25. Suppose we have fixed a metric on a smooth manifold L. If (N, ξ) =
(ST ∗L, ker(λcan)) is the unit cotangent bundle in T ∗L, with L a closed manifold, the
Reeb vector field associated to λcan is the one generating the unit cogeodesic flow
associated to the metric (as seen in one of the exercise sheets). We saw earlier that
any N intersecting the fibres of T ∗L in a star-shaped manner is a contact hypersurface:
as such, the class of Reeb fields is larger than the class of (co)geodesic flows. �

Example 4.26. If (N, ξ) = (S2n−1, ker(λcan)) is the unit sphere in (Cn, ωcan), the Reeb
vector field associated to λcan generates the action t× (z1, · · · , zn)→ (tz1, tz2, · · · , tzn)
with t ∈ S1. �

Definition 4.27. Let (M, ξ) be a contact manifold with contact form α. A contacto-
morphism of (M, ξ) is a diffeomorphism of M which preserves the contact structure,
i.e., f∗(ξ) = ξ. A contactomorphism is called strict if it also preserves the given
contact form α.

Note that a contactomorphism might be strict for one α but not strict for another fα.
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Remark 4.28. One can define contactomorphisms using contact hamiltonians, i.e.
functions H : (N, ξ) → R. Suppose X is an infinitesimal contactomorphism (i.e. a
vector field preserving ξ). This can be written as:

LXα = fα

for any α and for some function f (if f is non-zero, X does not preserve α but it does
preserve its kernel ξ). We may expand:

LXα = d(iXα) + iXdα = fα

and now we define H = iXα. By plugging in Rα on both sides we see that:

dH(Rα) = f.

And thus:
iXdα = dH(Rα)α− d(iXα).

Since the right hand side is a 1-form that vanishes on ker(dα), we may invoke Lemma
4.19 to conclude that there is a unique X satisfying this equation and dH = iXα.

The punchline is that infinitesimal contactomorphisms are in correspondence with
functions (not up to a constant this time, unlike the symplectic case!) As such, the
group of contactomorphisms is large. �

Lemma 4.29. Let (N, ξ) be a contact manifold with α a choice of contact form. The
Reeb flow of Rα is a strict contactomorphism (for α).

Proof. We just check: LRαα = d(ιRαα) = 0.

Remark 4.30. It was conjectured by A. Weinstein that any Reeb flow on a closed
contact manifold has a closed orbit. This is a non-trivial conjecture, because it is
known that there exist smooth flows with none, due to work of Kuperberg and others.
The conjecture is now known to be true in dimension 3 by work of C. Taubes, which
uses hard analysis involving the Seiberg-Witten equations. In higher dimensions it is
still open but some cases are known (for instance, for overtwisted contact manifolds,
which we will study later). �

4.4 3-dimensional contact structures

Until fairly recently (with a few exceptions) Contact and Symplectic Topology had
mostly developed in dimensions 3/4. In these dimensions it is possible to have a good
geometrical intuition by simply drawing what is happening.
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The contact condition amounts to turning

In dimension 3 one can play with the involutivity of a plane field quite explicitly. First,
consider the following lemma:

Lemma 4.31. Let (M, ξ) be a 3-manifold endowed with a plane field. Fix p ∈ M .
Then, there are local coordinates (x, y, z) around p in which

ξ = ker(dy + g(x, y, z)dx),

where g is a locally defined function.

Proof. Pick a non-vanishing vector field Z tangent to ξ, locally around p. We may then
choose a locally defined surface S containing p and transverse to Z. By construction,
S is transverse to ξ. Either by hand or by invoking Frobenius’ theorem, we find local
coordinates (x, y) in S such that the line field ξ ∩ TS is spanned by ∂x. Consider now
the flow ϕt of Z. We give coordinates (x, y, z) to the point ϕz(x, y). See Figure 4.1.

By construction ξ is tangent to ∂z in these local coordinates. Additionally, it is tangent
to ∂x at {z = 0}. These two conditions imply the local form claimed.

In models like the one provided by the lemma one has the following characterisation:

Proposition 4.32. Fix coordinates (x, y, z) in S×[−1, 1], where S is a disc, a 2-torus,
or a cylinder. Given a plane field of the form

ξ = ker(α), α = fdy + gdx,

where f, g : S × [−1, 1]→ R, we may look at the curves:

γx0,y0 : [−1, 1]→ S1

γx0,y0(z) =
(f(x0, y0, z), g(x0, y0, z))

|f, g|
.

Then:

� ξ is contact at the point (x0, y0, z0) if and only if γx0,y0 is an immersion at time
z0.

� ξ is involutive if and only if the curves γx0,y0 are constant.
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Figure 4.1: Construction of the neighbourhood of p in which ξ is in normal form. Z is
a vector field transverse to ξ, S is a surface transverse to it and passing through p.

Figure 4.2: A family of curves (f, g) describing a plane field (but we only draw one of
them). The points in which (f, g) is colinear with its velocity (∂zf, ∂zg) correspond to
singular points of the normalised map (f, g)/|f, g|, as seen on the left hand side.
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Proof. Indeed, we check that

α ∧ dα = [f(∂zg)− g(∂zf)]dx ∧ dy ∧ dz.

The condition f(∂zg)− g(∂zf) 6= 0 is equivalent to (f, g) and (∂zf, ∂zg) being linearly
independent vectors in R2. This is precisely the immersion condition for (f, g)/|f, g|;
see Figure 4.2.

This is usually phrased as follows: ξ is contact if and only if it turns with respect to
any line field tangent to it. This lemma will be extremely useful, because it will allow
us to construct contact structures by taking any plane field and “adding to it a bit of
turning”.

Examples

Let us provide some explicit examples of globally defined contact structures on 3–
manifolds. They all can be shown to be contact using Proposition 4.32 (or simply the
definition of contact form).

Example 4.33. The structure

(R3, ξstd = ker(dy − zdx))

performs almost half a turn with respect to the line field 〈∂z〉. It is (globally) diffeo-
morphic to

(R3, ξstd′ = ker(cos(z)dx+ sin(z)dy)),

which turns infinitely many times with respect to the line field 〈∂z〉. It is also diffeo-
morphic to

(R3, ξstd′′ = ker(dz + ydx− xdy)),

which performs almost a π/2-turn with respect to the radial vector field x∂x + y∂y.
This structure can be rewritten in cylindrical coordinates (r, θ, z) as

ξstd′′ = ker(dz − r2dθ).

We simply say that all of them are the standard contact structure in R3. We invite
the reader to provide explicit contactomorphisms between all of them. �

Example 4.34. The structure

(R3, ξOT = ker(cos(r)dx+ sin(r)rdθ))

turns infinitely many times with respect to the line field 〈∂r〉. It is not diffeomorphic to
the standard contact structure, and it is called the contact structure overtwisted
at infinity. See Theorem 4.79 below and the subsequent discussion. �
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Example 4.35. The structures

(T3, ξk = ker(cos(πkz)dx+ sin(πkz)dy)) k ∈ Z+,

turn k/2 times with respect to the line field 〈∂z〉. They are not diffeomorphic to one
another. The structures are coorientable if and only if k is even. �

Example 4.36. Consider S3 ⊂ C2. It is defined as the level set f−1(1) of

f(x1, y1, x2, y2) = x2
1 + y2

1 + x2
2 + y2

2.

As such, its tangent space is the kernel of the 1-form

df = 2(x1dx1 + y1dy1 + x2dx2 + y2dy2).

The complex tangencies (i.e. the vectors v such that both v and iv are in TS3) are
simply the complex lines:

ξstd = TS3 ∩ i(TS3) = ker(df) ∩ ker(df ◦ i) = ker(λcan)

= ker(−x1dy1 + y1dx1 − x2dy2 + y2dx2) ⊂ TS3.

Which we already saw in the previous session. (S3, ξstd) is the compactification of
(R3, ξstd). We leave this to the reader. �

4.5 Submanifolds

The general case

Given a tangent distribution, there are (naively) two classes of submanifolds one may
look at: transverse and tangent ones. Let us define:

Definition 4.37. Let (N, ξ) be a (2n+1)-dimensional contact manifold. A submanifold
L ⊂ N is:

� contact if (ξ|L ∩ TL) ⊂ TL is a contact structure.

� isotropic if TL ⊂ ξ|L.

� Legendrian if it is isotropic and n-dimensional.

These definitions can be understood as follows (making the parallels with the symplec-
tic case clear):

Lemma 4.38. Let (N, ξ) be a (2n + 1)-dimensional contact manifold. Let α be a
contact form for ξ.
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� L is contact iff (ξ|L ∩ TL)→ L is a bundle symplectic subspaces of (ξ, dα)|L.

� L is isotropic iff TL→ L is a bundle of isotropic subspaces of (ξ, dα)|L.

� L is Legendrian iff TL→ L is a bundle of Lagrangian subspaces of (ξ, dα)|L.

Proof. For the first claim: L is contact if and only if α|L is a contact form. In particular,
dα has maximal rank in (ξ|L ∩ TL) ⊂ ξ|L. I.e. the former is a symplectic subspace of
the later.

For the second and third claims: L is isotropic if and only if α|L = 0. This in particular
implies that dα|L = 0 (since restriction and differential commute). This means that
TpL is an isotropic subspace of (ξp, dα(p)), for every p ∈ L. If L is Legendrian then
TL is isotropic and of dimension n, so it is Lagrangian.

Example 4.39. Let L be closed smooth manifold. Consider the manifold J1(L,R) =
R× T ∗L, with coordinates (t, q, p), endowed with the contact structure

αcan = dt−
∑
i

pidqi, ξcan = ker(αcan).

The pair (J1(L,R), ξcan) is called the space of 1-jets of L into R, and ξcan by itself is
often called the Cartan or tautological distribution.

Let us explain the geometrical meaning of αcan. Suppose you are given a function
f : L→ R. Then, you can assemble a section

(f, df) : L→ J1(L,R)

which is in fact tangent to ξcan, as shown by the computation:

(f, df)∗αcan = df − df ∗(
∑
i

pidqi) = df − df = 0.

You can then see that a section of J1(L,R)→ L is of the form (f, df) if and only if it is
tangent to ξcan (i.e. Legendrian). In particular, the zero section 0×L is a Legendrian.

That is, the theories of both Legendrians and Lagrangians are extremely related to the
theory of functions (and to one another). �

Legendrian knots

Remark 4.40. In 3-dimensional Smooth Topology, a knot is an embedding of S1 into a
3-manifold N . This notion is fundamental due to its role in the definition of surgery
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Figure 4.3: An unknot (in blue) and its projection to the horizontal plane (in red).
We need to specify which is the over-pass at the point in which the projection has a
self-intersection; this is depicted next to the projection with an arrow.

(i.e. cutting N along a knot and filling the hole in order to obtain a new manifold).
One often focuses on the case in which N is R3 or S3 (and this is what we henceforth
do).

The simplest knot is the unknot. This is the embedding, unique up to isotopy, which
is the boundary of an embedded disc. Knot theory consists of determining whether
two knots are isotopic to one another. Even the task of determining whether a given
knot is in fact the unknot is non-trivial.

The way in which one presents a knot is through a projection. That is, we pick a plane
in R3 and we project the knot to it orthogonally. Such a projection is, generically
(i.e. for most choices of plane), an immersed curve with self-intersections. These
intersections are an artifact of the projection, and to distinguish them we draw the
strands meeting at the intersection as an under-pass and as an over-pass. See Figure
4.3.

We are interested in classifying knots up to isotopy. As we isotope a knot, its projection
varies, but (generically) it does so in a controlled way: Only three events, called the
Reidemeister moves, may take place. They are depicted in Figure 4.4. �

In a contact 3-manifold we can look at knots as well:
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Figure 4.4: The three elementary events one might see as a knot is isotoped. They are
called the first, second, and third Reidemeister moves, respectively.

Definition 4.41. Let (N3, ξ) be a 3-dimensional contact manifold. A Legendrian
knot is an embedding S1 → N which is everywhere tangent to ξ.

A Legendrian knot is a Legendrian in the general sense.

In the contact setting we do not project to an arbitrary 2-plane. Instead, there are
two projections that are well-suited to manipulating Legendrians:

Definition 4.42. Consider (R3, ξstd = ker(dy − zdx)).

� The map πf : R3(x, y, z)→ R2(x, y) is called the front projection.

� The map πL : R3(x, y, z)→ R2(x, z) is called the Lagrangian projection.

See Figure 4.5 for an example (which should be better understood by reading the
results below).
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Figure 4.5: The so-called Legendrian unknot (which is in particular a smooth unknot).
We draw it in both projections. In the front (left) it has two cusps. In the Lagrangian
projection (right) we see a self-intersection.

One can completely recover (up to shift in the Lagrangian case) a Legendrian knot
from either of its projections. Let us work this out in the Lagrangian projection first:

Proposition 4.43. Let γ : [0, 1]→ R3 be an immersed Legendrian curve. Then:

� Its Lagrangian projection πL ◦ γ(t) = (x(t), z(t)) is an immersed planar curve.

� The missing coordinate can be recovered by integrating:

y′(t) = z(t)x′(t), y(t) = y(0) +

∫ t

0

z(s)x′(s)ds.

Proof. The curve πL ◦ γ would fail to be immersed at time t if at only if γ is tangent
to ∂y, the direction of projection. Since γ is Legendrian and immersed, this can never
happen (because ∂y is not tangent to ξstd).

The second claim follows because γ∗(dy − zdx) = 0, due to the Legendrian condition.

In particular:

Corollary 4.44. Let γ : S1 → R3 be an embedded Legendrian curve. Then:

� Its Lagrangian projection πL ◦ γ bounds zero area.
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Figure 4.6: The Lagrangian projection of 3 Legendrians. In every region we specify its
area, the total sum of which must add to zero. The area of each region additionally
allows us to compute which are the over-passes.

� Let t0, t1 ∈ S1 be times at which πL◦γ(t0) = πL◦γ(t1). Then the curve πL◦γ|[t0,t1]

does not bound zero area.

Proof. See Figure 4.6.

For the first statement: Since γ is a closed curve, it bounds a (possibly not embedded)
disc D. Then we may apply Stokes to show that:

0 =

∫
γ

dy =

∫
γ

zdx =

∫
πL◦γ

zdx =

∫
πL(D)

dzdx,

where the first equality follows from the fact that γ is closed.

For the second statement we have that πL◦γ|[t0,t1] is a closed planar curve, so it bounds
a (possibly non-immersed) disc D. Then we have:

0 6= y(t1)− y(t0) =

∫
γ|[t0,t1]

dy =

∫
γ|[t0,t1]

zdx =

∫
D

dzdx,

where the first inequality is due to the embeddedness condition.

Now we may look at the front projection:

Lemma 4.45. Let γ : [0, 1] → R3 be a Legendrian curve. Suppose that πf ◦ γ(t) =
(x(t), y(t)) is immersed. Then the missing z–coordinate can be recovered using the
expression:

z(t) =
dy

dx
(t).

Proof. Since πf ◦γ(t) is immersed and dy− zdx evaluates to zero on γ, we deduce that
γ∗dx = x′(t)dt is nonzero. Then we can solve z(t) = dy/dx, as claimed.
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Remark 4.46. Recall that (R3, ξstd) is precisely J1(R,R) with the canonical Cartan
structure, so all we are saying is that a curve of the form (t, y(t), z(t)) must satisfy
y′(t) = z(t). �

Now, not all Legendrian curves γ in (R3, ξstd) project to an immersed curve πf ◦ γ:

Lemma 4.47. The curve γ : R→ R3 given by

γ(t) = (x(t) = t2/2, y(t) = t3/3, z(t) = t)

is embedded and Legendrian.

Proof. The front projection πf ◦ γ(t) = (x(t) = t2/2, y(t) = t3/3) has a singularity (i.e.
fails to be immersed) at t = 0, which we call the cusp. This is the simplest singularity
a planar curve may have.

The curve γ itself is embedded, since the map z(t) is a diffeomorphism of R. For the
Legendrian condition, it is sufficient to show that γ∗(dy − zdx) = t2dt− t2dt = 0.

One can prove that:

Proposition 4.48. Let γ be a Legendrian knot. After a (C∞) small perturbation, it
may be assumed that πf ◦ γ:

� Fails to be an immersion at a finite collection of points.

� At these points it is equivalent to the cusp or its mirror image.

Proof. This statement requires transversality theory, which is beyond the scope of this
course. The idea is roughly the following: πf ◦ γ fails to be an immersion if and only
if γ is tangent to the projection direction 〈∂z〉. When this happens, since γ itself is
immersed, we have that γ must be graphical over its z–coordinate. That is, up to
reparametrisation we may take γ(t) = (x(t), y(t), t).

Transversality tells us that one can perturb γ so that these tangencies are as simple as
possible. In this case, this means that they should be cuadratic so x(t) should agree
with ±t2 (up to reparametrisation in the domain and the target). The y coordinate
is uniquely determined from x and z (by integrating), yielding y(t) = 2t3

3
, i.e. the

cusp.

Apart from cusps, the planar curve πf ◦ γ may fail to be embedded:
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Figure 4.7: On the left we depict two curves whose front projections intersect. The
slopes of the strands are constant and different, so their z–coordinates are different. In
particular, the self-intersection of the front does not correspond to a self-intersection
in 3-dimensional space.

Lemma 4.49. Let γ be a Legendrian knot. Two branches of πf ◦ γ meet at an inter-
section point with different slopes.

Proof. Suppose there are two distinct times t0 and t1 such that

πf ◦ γ(t0) = (x(t0), y(t0)) = (x(t1), y(t1)) = πf ◦ γ(t1).

Embeddedness of γ implies that z(t0) 6= z(t1). This can be rewritten as:

dy

dx
(t0) = z(t0) 6= z(t1) =

dy

dx
(t1)

i.e. the regions of πf ◦ γ for times close to t0 and for times close to t1 have different
slope, as claimed.

In particular: At a crossing we do not need to specify whether it is an underpass or an
overpass, because this is given by the slope. See Figure 4.7.

One can show (appealing again to transversality) that:

Proposition 4.50. Let γ be a Legendrian knot. After a (C∞) small perturbation, it
may be assumed that πf ◦ γ:

� Has only finitely many self-intersections.
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Figure 4.8: We describe a non-Legendrian curve γ in 3-space by looking at its front
projection (in black) and specifying its missing z–coordinate by drawing a slope (in
red). We claim that we can approximate it by a Legendrian curve. Indeed, we draw
a curve (in blue) whose front projection is close to the black curve and whose slope is
very close to the red slopes. At the turning points it has cusps. Its unique lift is the
desired Legendrian γ̃ approximating γ.

� At each intersection point only two branches meet.

The first meaningful question one might pose is: how rich is Legendrian Knot Theory?
For instance, can any smooth knot be represented by a Legendrian knot? The answer
is yes:

Proposition 4.51. Let γ be a smooth knot in R3. Then, it is smoothly isotopic to a
Legendrian knot γ̃ (which is not unique!).

Proof. This is a proof by picture. It can be done in either projection. See Figures 4.8
and 4.9.

Legendrian Knot Theory studies the question: when are two given Legendrian knots
homotopic to one another (as Legendrian knots)? It is a necessary condition that they
are smoothly isotopic, but this is not sufficient. The first additional invariant we can
define is:

Definition 4.52. Let γ : S1 → (R3, ξstd = ker(dy− zdx)) be an immersed Legendrian.
Its Lagrangian projection πL ◦γ is a closed and immersed planar curve in R2(x, z). As
such, we may look at the Gauss map:

ρ(γ) : S1 → S1 ⊂ R2(x, z)
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Figure 4.9: We describe a non-Legendrian curve in 3-space by looking at its Lagrangian
projection (in black); we must keep track of the missing z–coordinate (which is a
number at each point of the curve, recorded in red). We draw a blue curve which
is very close to the black curve and that has many loops. The area of these loops
accounts exactly for the desired displacement in z. In this manner, its unique lift is
the Legendrian that we desired. The self-intersections that appear when we introduce
loops do not lift to actual self-intersection (because the loops bound positive area), so
the Legendrian constructed is embedded.

ρ(γ)(t) =
(πL ◦ γ)′(t)

|(πL ◦ γ)′(t)|
.

Then, the rotation number of γ is the degree of ρ(γ), which is an integer.

Remark 4.53. Looking at this definition, you should convince yourself that it depends
on the orientation we put in R2(x, z). Here we are assuming that it is the standard one
given by the basis {∂x, ∂z}. The opposite choice would change the sign of the rotation
number.

Lemma 4.54. The rotation number is invariant under homotopies of immersed Leg-
endrians.

Proof. Let (γs)s∈[0,1] be a family of immersed Legendrians. The corresponding projec-
tions (πL ◦ γs)s∈[0,1] are also immersed. As such, we obtain a homotopy of maps:

ρ(γs)(t) =
(πL ◦ γs)′(t)
|(πL ◦ γs)′(t)|

We conclude that the rotation number does not depend on s by recalling that the
degree is a homotopy invariant of maps S1 → S1.

We will use this Lemma in the exercises to distinguish Legendrian knots that are
smoothly isotopic.
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Remark 4.55. To a Legendrian knot one can assign another invariant called the Thurston-
Bennequin number, which measures the twisting of ξstd with respect to the knot. We
will not look into this any further; I invite you to read the book by Geiges. �

4.6 The Moser trick

Global stability

The Moser trick also works in the contact setting. For instance, one can use it to prove
the following stability theorem:

Theorem 4.56 (Gray Stability). Let N be a closed (2n + 1)-dimensional manifold.
Let (ξt)t∈[0,1] be a smooth family of contact structures. Then there exists an isotopy
(ϕt)t∈[0,1] of N such that ϕ∗t ξt = ξ0.

Proof. The setup is very similar to the one in the symplectic setting. The first step is
choosing contact forms αt with ker(αt) = ξt. For this we have to assume coorientability
of the ξt. The statement can be proven also in the non-coorientable case (by taking a
double cover of N), but for simplicity we will ignore this.

The equation ϕ∗t ξt = ξ0 is equivalent to ϕ∗tαt = ftα0, for ft a smooth family of nowhere-
vanishing functions that we will fix later on. Then we derive:

∂t(ϕ
∗
tαt) = ϕ∗t (d(ιXtαt) + ιXtdαt + α′t) = f ′tα0 =

f ′t
ft
ϕ∗tαt.

Where Xt is the vector field generating the isotopy ϕt. This is equivalent (by pushing
forward with ϕt) to

d(ιXtαt) + ιXtdαt + α′t =
f ′t
ft
◦ ϕ−1

t αt = gtαt,

with gt = log(ft)
′ ∼= ϕ−1

t . Once we fix gt in the next paragraph, ft will be recovered
from it by integration and by setting f0 = 1.

To solve this equation it is easiest to get rid of the first term, so we impose ιXtαt = 0,
which is equivalent to requiring Xt to be tangent to ker(αt). Now, the equation

ιXtdαt = gtαt − α′t

can only be solved for Xt if the right hand side is a 1-form that vanishes on ker(dαt).
For this we must set gt = α′t(Rαt). We obtain Xt as the unique vector field tangent to
ker(αt) solving the equation. Integrating Xt yields ϕt (here we use that N is closed to
deduce that the flow exists for all time).
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The first remark is that there is no stability for contact forms. Also, unlike the sym-
plectic case, there is no cohomological condition.

Local form theorems

Using exactly the same approach, one can prove:

Theorem 4.57 (Darboux). Let (N, ξ) be a (2n + 1)-dimensional contact manifold.
Fix p ∈ N . Then, there exist coordinates (x1, . . . , xn, y, z1, . . . , zn) in a neighborhood
U of p such that

ξ|U = ξstd = ker(dy −
n∑
i=1

zidxi).

I.e. contact structures have no local invariants.

Remark 4.58. One can improve this statement to show that in fact one may assume that
(N, ξ) is locally strict contactomorphic to (R2n+1, αstd). We leave this as an exercise
to the reader. �

We can also provide a normal form result for Legendrian knots:

Lemma 4.59. Let (M, ξ) be a 3-dimensional contact manifold. Let γ : S1 → M be a
Legendrian knot. Then, there are local coordinates (x, y, z) in which γ = {y, z = 0}
and ξ is isomorphic to ξcan = ker(dy − zdx).

I.e. the local model is a neighbourhood of the zero section in the space of 1-jets of S1

into R. One can prove analogously that a neighbourhood of a Legendrian L in higher
dimensions is given by J1(L,R).

4.7 Overtwistedness

Definition 4.60. The overtwisted disc is the smooth disc

DOT = {(r, θ, 0) ∈ R3 | |r| ≤ π} ⊂ (R3, ξOT)

along with the germ of contact structure ξOT. �

Since the germ of ξOT along DOT is the crucial piece of data, let us describe how it
looks. At the origin we have the tangency ξOT(0) = T0DOT. Similarly, the contact
structure is tangent to the disc along its boundary i.e. ξOT(p) = TpDOT for every
p ∈ ∂DOT. For every other q ∈ DOT, ξOT(q) and TqDOT are transverse to one another
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and they intersect along the radial direction. You can readily see that ξOT essentially
makes “half a turn” from the centre of DOT to its boundary. This twisting gives it its
name.

Remark 4.61. In Example 4.34 we introduced the contact structure overtwisted at
infinity (R3, ξOT), which we remarked was not diffeomorphic to the standard contact
(R3, ξstd). This was proven by Bennequin by looking at the Legendrian knots in each
of these structures. The boundary of DOT is precisely a exotic Legendrian which has
no analogue in (R3, ξstd). �

Now we define:

Definition 4.62. A contact manifold (M3, ξ) is overtwisted if there exists an em-
bedding Ψ : Op(DOT) → M such that Ψ∗ξ = ξOT. The image of Ψ is called the
overtwisted disc. �

We use Op(DOT) to denote an arbitrarily small, unspecified open neighbourhood of
DOT. An equivalent way of stating this is that ξ is overtwisted if we can find an
embedded disc D = Ψ(DOT) ⊂M such that ξ makes half a turn along D in the sense
we discussed before.

An important observation is the following:

Lemma 4.63. Let ξ and ξ′ be homotopic as contact structures. Then ξ is overtwisted
if and only if ξ′ is overtwisted.

Proof. Since ξ and ξ′ are homotopic, they are isotopic thanks to Gray’s theorem. In
particular, they are diffeomorphic by some diffeomorphism ψ : (M, ξ)→ (M, ξ′). If Ψ
is an embedding of an overtwisted disc of ξ, ψ ◦Ψ is an overtwisted disc of ξ′.

This implies that the connected components of Cont(M) divide in two groups: the
overtwisted ones, which we denote collectively as ContOT(M), and the tight ones (i.e.
everything else).

We will prove next that one can always modify a contact structure to obtain an over-
twisted one. Before we do so, we need some background about knots transverse to a
contact structure.

Transverse knots

Definition 4.64. Let (N3, ξ) be a 3-dimensional contact manifold. Fix a contact form
α.
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� A transverse knot is an embedding S1 → N which is everywhere transverse to
ξ.

� A transverse knot γ is positively transverse if α(γ′) > 0. Otherwise γ is said
to be negatively transverse.

Transverse knots can be manipulated using projections, but it turns out to be easier
(in order to construct them) to go through Legendrians. For this, let us recall the
following local model:

Lemma 4.65. Let γ be a Legendrian knot in a contact manifold (M3, ξ). Then there
are local coordinates (x, y, z) in which γ = {y, z = 0} and ξ = ker(dy − zdx).

Indeed, this local model just takes the Legendrian to the zero section in J1(S1,R).

Now we observe:

Lemma 4.66. In (J1(S1,R), ξcan) = (R× T ∗S1, ker(dt− pdq)), the curve

γ(s) = (x(s) = s, y(s) = 0, z(s) = −ε)

is transverse for ε non-zero. It is positively transverse if and only if ε > 0.

Proof. We evaluate: γ∗(dy − zdx) = εds 6= 0.

Corollary 4.67. Let γ be a smooth knot in R3. Then γ is smoothly isotopic to a
positively/negatively transverse knot.

Proof. First smoothly isotope γ to a Legendrian knot. Then use the previous lemma
to further push the Legendrian knot to be positively/negatively transverse.

One can also provide a local model:

Lemma 4.68. Let (M, ξ) be a 3-dimensional contact manifold. Let γ : S1 → M
be a transverse knot. Then, there are local cylindrical coordinates (r, θ, z) in which
γ = {r = 0} and ξ is isomorphic to ξtrans = ker(dz − r2dθ).
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Figure 4.10: On the left, the coefficients of the 1-form defining ξtrans. On the right, the
coefficients of the form defining ξLutz. The two agree at their endpoints.

Lutz twist

Overtwistedness is characterised by the presence of a semi-local model in which the
contact structure “overtwists” with respect to a disc. It turns out that there is a
procedure that allows us to modify a contact structure to introduce such twisting. It
boils down to modifying ξ in a neighbourhood of a transverse knot.

The local model around a transverse knot is the manifold D2
ε × S1 endowed with the

contact structure ξtrans = ker(dz − r2dθ). We may then find functions f, g : [0, ε]→ R
such that:

� f(r) = 1, g(r) = −r2 in a neighbourhood of 0 and ε.

� f(ε/2) = −1, g(ε/2) = 0.

� r → (f(r), g(r))/|f, g| is an immersion into S1 describing a bit over one clockwise
turn.

Refer to Figure 4.10.

Definition 4.69. The contact manifold

(D2
ε × S1, ξLutz = ker(f(r)dz + g(r)dθ)),

is called the Lutz tube.
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Using Proposition 4.32 you may check that ξLutz is contact. It agrees with ξtrans along
0×S1 and along the boundary (∂D2

ε)×S1, but in-between it makes one whole additional
turn.

Definition 4.70. Let (M, ξ) be a 3-dimensional contact manifold. Let γ be a knot
transverse to ξ with neighbourhood isomorphic to (D2

ε × S1, ξtrans). Let L(ξ) be the
structure obtained from ξ by replacing the tubular neighbourhood of γ by (D2

ε×S1, ξLutz).

We say that L(ξ) is obtained from ξ by adding a full Lutz twist along γ.

And now, as we claimed:

Lemma 4.71. The structure L(ξ) is always overtwisted.

Proof. It is sufficient to show that the model (D2
ε×S1, ξLutz) is overtwisted. This follows

from the fact that the discs

{(r, θ, z0) | |r| ≤ ε/2}, z0 ∈ S1,

are overtwisted.

Keeping track of the homotopy class of L(ξ) is important, since our goal is classifying
distributions up to homotopy:

Lemma 4.72. The contact structures L(ξ) and ξ are homotopic as plane fields, relative
to the boundary of the model D2

ε × S1.

Proof. Consider the curves

(ft, gt) : [0, ε]→ R2 t = 0, 1

(f0, g0) = (1,−r2), (f1, g1) = (f, g)

which define ξtrans and ξLutz. We can find a family of planar curves (ft, gt)t∈[0,1] inter-
polating between them and agreeing with them close to the endpoints just by setting

(ft, gt) = (1− t)(f0, g0) + t(f1, g1).

Now, the form ft(r)dz + gt(r)dθ will be zero for some t and some r, because (f0, g0)
and (f1, g1) have different winding number around the origin. However, we can pick a
bump function χ : [0, ε]→ R that is 0 close to r = 0, ε and identically 1 slightly away
from the endpoints. Then we set:

αt = ft(r)dz + gt(r)dθ + (1− t)tχ(r)dr
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whose kernel ker(αt) is a plane field that interpolates between ξtrans and ξLutz, proving
the claim.

You may observe that αt fails to be contact for some values of t (which must always
be the case, since ξtrans and ξLutz are not homotopic as contact structures relative to
the boundary of the model).

4.8 Classification of contact structures

Let M be a 3-manifold. We will henceforth be interested in Cont(M), the space of
all contact structures on M . This is clearly a set, but we can further endow it with
several topologies. To do so, we recall that Cont(M) is a subset of the space of all
plane distributions in M , which in turn is the space of sections of PT ∗M ∼= M ×RP2,
the projectivised cotangent bundle of M . Two sections are C1-close if their values are
pointwise close and their first order information (their derivatives) are also pointwise
close. We call this the Whitney’s C1-topology. If you are interested, I recommend that
you look up how this is defined more formally.

A natural classification question is the following: given two contact structures ξ0 and
ξ1, when are they homotopic (through contact structures)? A first necessary condition
is that they must be homotopic simply as plane fields. Additionally, each of them
induces an orientation of M , and these orientations must agree. This leads us to
define:

Definition 4.73. Let M be a 3-dimensional manifold. A formal contact structure
is a pair (ξ, o) where ξ is a plane field and o is an orientation of M .

We then denote the space of all formal contact structures by Contf (M). We topologise
it using the C0-topology, i.e. two formal contact structures are close if the plane fields
are pointwise close and the orientations are the same. Then we have a continuous map

Cont(M)→ Contf (M)

ξ → (ξ, [α ∧ dα]).

Here the term [α∧ dα] indicates the orientation associated to the volume form α∧ dα,
where α is a (possibly locally defined) contact form for ξ. Recall (or prove it yourself)
that this orientation only depends on ξ.

Remark 4.74. One can do the same for higher dimensional manifolds M . Then, a
formal contact structure is a hyperplane field ξ endowed with a conformal symplectic
structure with values in TM/ξ (which is given by dα). Also in this case we have a
continuous inclusion of the space of contact structures into the space of almost contact
structures, and one can pose the same questions. �
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Gromov’s h-principle

The first classification result ever proven is due to M. Gromov:

Theorem 4.75 (Gromov). If M is open, the following inclusion is a homotopy equiv-
alence:

Cont(M)→ Contf (M).

This theorem in fact holds in all even dimensions (not just in dimension 3).

Remark 4.76. A homotopy equivalence induces an isomorphism in homotopy groups.
A surjection in π0, for instance, means that every plane field can be deformed to be a
positive/negative contact structure. An injection in π0 means that two positive (resp.
negative) contact structures which are homotopic as plane fields are in fact homotopic
as contact structures. �

Remark 4.77. Usually this theorem is stated by saying: “the h-principle holds for
contact structures in open manifolds”. Let us explain what this means.

When we look at the inclusion Cont(M) → Contf (M) we are essentially decoupling
the contact condition. That is, we forget that the plane field ξ is contact and instead
we think of its associated orientation [α ∧ dα] as a separate piece of data. Since dα is
obtained form α by deriving, this orientation is part of the “differential information of
order one” of ξ, so we are indeed decoupling ξ from its derivative.

One can proceed similarly when constructing any other geometric structure: we de-
couple the geometric object from its derivatives and we denote the result as a “formal
geometric structure”. We certainly need to be capable of constructing the latter to
construct the former. Constructing formal structures is usually a matter of Algebraic
Topology, so we leave that to the topologists. As geometers, we focus on the next
step: how to turn a formal structure into a genuine one. When the spaces of geometric
structures and formal structures are homotopy equivalent, we say that our problem
satisfies the h-principle; here h stands for homotopy. �

Remark 4.78. There is no single recipe for proving that a problem satisfies the h-
principle. The approach we will follow in these notes is due to W. Thurston, which
used it to prove an h-principle for foliations (which is in fact very similar to what we
will do) and Y. Eliashberg, who used it in the contact setting. There are two main ideas
behind it. First: one can triangulate a manifold and construct the desired geometric
structure simplex by simplex. This is is often easy up to the top-dimensional simplices.
Then one needs the second idea: there are certain surgery procedures that allow one
to extend the geometric structure to the interior of the top-simplices. H-principles
based on surgery also play a role in Homotopy Theory.

There are other methods. One of them is the so-called method of flexible sheaves,
developed by Gromov based on work of Hirsch and Smale, which had used something



4.8. CLASSIFICATION OF CONTACT STRUCTURES 93

similar to classify immersions. It can be used to prove the h-principle for contact and
symplectic structures in open manifolds in all dimensions.

Gromov also devised a technique called convex integration, which originated in the
work of Nash on C1-isometric embeddings; it has recently seen massive development in
the world of Fluid Dynamics, where it can be used to construct low regularity solutions.

There are also h-principles based on h-cobordism approaches; this means that one
constructs a geometric structure by decomposing the manifold into handles and ex-
plaining how to endow each handle with the structure. This has applications in Sym-
plectic Topology (which we will not have time to appreciate), Complex Geometry
(construction of smooth affine varieties), and Riemannian geometry (construction of
metrics of positive scalar curvature). �

Eliashberg’s h-principle

After Theorem 4.75, we are naturally lead to wonder: what about closed manifolds?
In the early 80’s, D. Bennequin showed that the h-principle in fact fails in the closed
setting:

Theorem 4.79 (Bennequin). There is a connected component in the space of plane
fields in S3 that contains two different connected components of positive contact struc-
tures.

That is, the map
π0(Cont(S3))→ π0(Contf (S3))

at the level of connected components is not injective: In one of the components of
π0(Contf (S3)) there are two contact structures which are not homotopic to one an-
other. D. Bennequin proved that (R3, ξstd) and (R3, ξOT) are not diffeomorphic to each
other by looking at their Legendrian curves. The two structures in S3 are suitable
compactifications of ξstd and ξOT and are also not diffeomorphic. Then one recalls
Gray’s theorem: if they are not diffeomorphic, they cannot be homotopic.

Nonetheless, the h-principle still holds in a partial sense:

Theorem 4.80 (Eliashberg, Lutz, and Martinet in dimension 3. Borman, Eliashberg,
and Murphy in all dimensions). Let M be closed. The inclusion

ContOT(M)→ Contf (M)

induces a bijection at the level of connected components.

Remark 4.81. It is possible to give a more general statement (for higher homotopy
groups) by fixing the overtwisted disc, but let us ignore this. �
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Remark 4.82. This idea of having particular subclasses of geometric structures for
which the h-principle holds is not exclusive to Contact Topology. For instance, a similar
behaviour can be observed in the world of foliations, in the classification of convex
curves in S2, and in the classification of immersions with prescribed singularities. �

The rest of the notes deal with the proof of Theorem 4.80. We will focus on the
surjectivity part of the statement. That is, we will be given a plane field ξ0 which we
will then homotope until we arrive to a overtwisted and positive contact structure ξ1.

The proof I: Triangulating

The first step is triangulating our manifold M . We want to do it in a manner that
is suited to our purposes latter on (i.e. being able to introduce turning to ξ0 using
Proposition 4.32). We will need the following statement, which is known as Thurston’s
jiggling, and which is also a form of h-principle:

Proposition 4.83. Let (N, ν) be a manifold endowed with a distribution. A simplex ∆
is said to be in general position with respect to ν if ν is transverse to ∆ and ∆/ν(p)
is a simplex for all p ∈ ∆.

Then, there exists a triangulation T such that all its simplices are in general position
with respect to ν.

Proof. Let us provide a rough sketch. We first pick an arbitrary triangulation T ′; such
a triangulation exists because any smooth manifold can be triangulated. Let us pick
a 3-simplex ∆ (the argument is the same for all of them).

We pick coordinates in which ∆ looks like the standard simplex in R3. We subdivide
T ′ (and thus ∆) in such a manner that the resulting simplices differ from the standard
one by an affine transformation (in the given coordinates). The way to do this is to
take the unit cube, subdivide it into smaller cubes, and then subdivide each of these
in a standard manner into simplices. Then one may restrict this subdivision to ∆. See
Figure 4.11.

As we subdivide ∆, we have smaller and smaller simplices. We may then zoom in: we
rescale each of them to put it in a standard position. This makes ν look progressively
flatter the more we subdivide. After sufficiently many subdivisions we can simply
tilt the simplices slightly so that they become transverse to ν. This completes the
argument.

Perhaps the last claim is mysterious to the reader. Let us look at the following simpli-
fied case: Imagine ν is completely flat (i.e. it defines the same plane P at every point).
Suppose that we are looking at a 1-simplex V in the subvidision. Since we are assuming
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Figure 4.11: A subdivision of the standard simplex (the lower one with black boundary)
obtained from a cubical subdivision of the standard cube, followed by the standard
triangulation of the small cubes (in blue).

the simplices are affine, V is contained in some line in R3. The set of lines is RP2, i.e.
a 2-manifold. Inside RP2 there is the RP1 of lines that are contained in P ; this is a
1-dimensional manifold. All other lines (i.e. all of them except a set of measure zero)
are transverse to P . This implies that a small tilt of V will be transverse to P . You
may argue analogously for 2-simplices. Now, if ν is almost flat, we can argue similarly:
the set of lines not transverse to ν will have very small measure and the argument goes
through.

We apply the proposition to (M, ξ0) to yield a triangulation T . We write T (i) for the
i-skeleton, i.e. the collection of i-simplices.

The proof II: The reduction process

Our goal now is constructing a contact structure in a neighbourhood of the 2-skeleton
T (2). We will do so by modifying ξ0 in the vicinity of each simplex, inductively on
their dimension. At each step we will use the following lemma to work locally around
a simplex:

Lemma 4.84. Let (N, ν) be an oriented 3-manifold endowed with a plane field. Let
∆ be a simplex in general position with respect to ν. Then, ∆ has an arbitrarily small
neighbourhood D2 × [−1, 1] with coordinates (x, y, z) satisfying:

� ∆ ⊂ D2 × 0,

� ν is tangent to ∂z (as in Proposition 4.32),
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� the standard orientation dx∧ dy ∧ dz of the model agrees with the orientation of
N ,

� ν is of the form dy + f∆(x, y, z)dx.

Proof. If ∆ is a zero simplex, this is just Lemma 4.31. The 1-dimensional case is left
as an exercise.

If ∆ is 2-dimensional, we enlarge it slightly and we round its corners to yield a disc
S = D2 × 0 containing it. Due to the general position between ∆ and ν, the disc
S may be assumed to admit coordinates (x, y) in which the intersection TS ∩ ν is
ker(dy). Now we pick a vector field Z transverse to S and contained in ν; we require
that {∂x, ∂y, Z} provides an oriented framing along S. Lastly, we use the flow ϕt of Z
to provide an embedding of D2 × [−1, 1] into N by setting

(x, y, z)→ ϕct(x, y),

where c is some very small positive constant. This concludes the proof.

Now comes the proof. We use the Lemma to pick pairwise disjoint neighbourhoods of
the zero simplices. Fix a 0-simplex ∆. We then have local coordinates (x, y, z) around
∆ in which ξ0 is of the form ker(dy− f∆(x, y, z)dx). According to Proposition 4.32, ξ0

is contact if and only if ∂zf∆ 6= 0. It is positive contact if and only if ∂zf∆ > 0.

We can modify f∆ close to ∆, yielding a function g satisfying ∂zg(∆) > 0. One may
assume that |f∆ − g|C0 < ε (for any fixed ε > 0) and f∆ = g slightly away from ∆.
The corresponding plane field ξ′ = ker(dy − gdx) is contact at ∆.

Instead of working with 1-simplices, we proceed as follows. We take a 1–simplex ∆ and
we remove a little neighbourhood of its endpoints in which ξ′ is already contact. We
denote the resulting path by ∆̃. Now we may choose pairwise disjoint neighbourhoods
for each of these paths using the Lemma. In each of them we can achieve the condition
∂zf∆(x, y, z)|∆̃ > 0 relative to the boundary of the model. Close to the boundary
of ∆̃ we can leave f∆ untouched (because there it is already increasing). After this
modification, we have some ξ′′ which is contact close to the 1-simplices.

For the 2-simplices we proceed analogously. We remove a neighbourhood of their
boundary and then choose disjoint neighbourhoods so our deformations do not interact
with one another. Over each neighbourhood we modify f∆ to be increasing close to
D2 × 0 ⊃ ∆; we do not have to modify the functions close to the boundary of D2 × 0
because there they were already increasing. We obtain then a plane field ξ1/2 which is
contact close to the 2-skeleton.
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Figure 4.12: On the left hand side we have a 3-simplex ∆. The horizontal planes
denote the plane field ξ1/2, which intersects each face in a line field ξ ∩ T (∂∆), due
to general position. On the right hand side we have a smoothing of ∆, which is a
smooth ball. The plane field ξ1/2 is tangent to it at the poles; when we intersect it
with the boundary, it yields a smooth line field that is approximately horizontal. We
have chosen to draw the line field without periodic orbits, but these might exist.

Remark 4.85. All the deformations we do must be C0-small, as described in the case
of 0-simplices. This is necessary in order for the plane fields to stay in general position
with respect to the triangulation. �

The proof III: The extension problem

At this point we have a plane field ξ1/2 which is contact in a neighbourhood of T (2)

and still in general position with respect to the triangulation. The latter assumption
actually tells us a lot about the structure of ξ1/2 in the boundary of each 3-simplex ∆:
the intersection ξ1/2 ∩ T (∂∆) (whenever it is defined) is a line field that looks almost
horizontal. I.e. if we were to smooth ∆ suitably, ξ1/2 would only be tangent to ∂∆ in
two points, which we might as well call the north and south poles. See Figure 4.12.

Remark 4.86. Determining what is “north” and what is “south” follows by taking the
orientation of M and using it to orient each ∂∆ as the boundary of the simplex ∆. �

Let {∆i}i=1,··· ,m be the collection of 3-simplices. For each ∆i, we denote by ∆̃i ⊂ ∆i

a slightly smaller and smoothed copy of it such that ξ1/2 is contact in ∆i \ ∆̃i. For
i = 1, · · · ,m, we pick a path νi:

� The path νi connects the north pole of ∆̃i with the south pole of ∆̃i+1, for
i = 1, · · · ,m− 1.
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Figure 4.13: The necklace: the balls (in black) are the smoothed simplices ∆̃i. In blue
we see how ξ1/2 intersects their boundary in a line field. In red we have the transverse
curves νi which connect each ball with the next.

� The path νm connects the north pole of ∆̃m with the south pole of ∆̃1.

� The νi are embedded transverse curves which, with the exception of the end-
points, are disjoint from the ∆̃i.

Constructing such paths is easy if we do not require the νi to be transverse curves. To
achieve the transversality condition, we apply Corollary 4.67.

The collection {∆̃i} (the beads), together with the paths {νi} (the string), looks like a
necklace. If we thicken the νi slightly, the necklace becomes a torus, which we denote
by T . The plane field ξ1/2 is everywhere transverse to ∂T , by construction (this follows
from the local model for a transverse curve Lemma 4.68, together with the model we
had in the boundary of each simplex). Further, the intersection ξ1/2 ∩ T (∂T ) is a line
field which is almost horizontal. See Figures 4.13 and 4.14.

How do we modify ξ1/2 in the interior of T , relative to ∂T , so that it becomes contact?
We proceed like we did for defining the Lutz twist. Since ξ1/2 is almost horizontal in
T (not just the boundary, but also the interior), we can find coordinates (x, y, z) in



4.8. CLASSIFICATION OF CONTACT STRUCTURES 99

Figure 4.14: The thickened necklace T : the balls ∆̃i have been connected to one
another by tubes which are thickenings of the νi. The boundary of T is transverse to
ξ1/2, so they intersect each other in a line field, which we depict in blue and is almost
horizontal.

T ∼= D2
ε × S1 in which ξ1/2 is of the form ker(dz+ h(r, θ, z)dθ). We then replace it by a

structure of the form ker(fdz+gdθ) where (f, g)/|(f, g)| is an immersion making more
or less one turn around S1. By doing so, we are able to match the slope of ξ1/2∩T (∂T ).
This concludes the proof of (the π0-surjectivity version of) Theorem 4.80. �
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