
Philosophy: rigidity in symplectic/contact topology must arise as a consequence of the ex-
istence and behaviour of J–holomorphic curves. Everything not forbidden by them should then
display flexibility.

1 Known results

1.1 Looseness and overtwistedness I

Let (M2n+1, ξ2n) be a contact manifold with contact form α. Denote by S(M) = (M × R, ω) its
symplectisation. Then the manifold

S(M)⊕ Ŝ(M) = (M × R×M × R, ω ⊕ (−ω))

is an exact symplectic manifold in which the diagonal ∆ ∼= M × R is a lagrangian.

The R-action∼= in S(M)⊕Ŝ(M) given by translating in the two R factors preserves the conformal
class of the symplectic structure and induces a contact form in the quotient. Consider the manifold
M×M×R endowed with the form λ = α1−etα2, where α1 = π∗1α, α2 = π∗2α, and the π1 and π2 are

the two tautological projections onto M . (M ×M ×R, λ) is contactomorphic to S(M)⊕Ŝ(M)/ ∼=.
Consider the embedding of i : M →M ×M × R given by x→ (x, x, 0).

Conjecture 1 (If direction proven by R. Casals). The legendrian manifold i(M) is loose if and
only if M is overtwisted.

1.2 Looseness and overtwistedness II. Cobordisms with overtwisted bound-
ary

Overtwistedness can be characterised already in terms of loose legendrians:

Theorem 1 (Casals, Murphy, Presas). Let (M2n+1, ξ), n > 1, be a contact manifold. A (+1)–
surgery on a loose legendrian L ⊂M yields an overtwisted manifold.

Recall that performing (+1)-surgery is equivalent to performing a concave Weinstein attachment
to a piece of the symplectisation of (M, ξ).

In the same paper they show the following:

Theorem 2 (Casals, Murphy, Presas). Let (M2n+1, ξ), n > 1, be a contact manifold. There is a
Liouville concordance (a Liouville structure in M × [0, 1]) with convex end (M, ξ) and concave end
(M, ξ′), the unique overtwisted manifold in the same almost complex class as (M, ξ).

This result was strengthened in a paper by Eliashberg and Murphy, that essentially states
that having a conical overtwisted singularity provides for enough flexibility to produce Liouville
cobordisms:

Theorem 3 (Eliashberg, Murphy). Consider W 2n, n > 2, a smooth almost complex cobordism
between (M−, ξ−), an overtwisted contact manifold, and (M+, ξ+), some other contact manifold,
both non–empty.

The almost complex structure can be deformed to yield a Liouville cobordism between (M−, ξ−)
and (M+, ξ+).
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Conjecture 2. The same should hold even if M+ is empty.

In their paper they already show that there are symplectic caps for all overtwisted manifolds.
First note that the group of complex cobordisms in even dimensions in trivial, and hence there
is a complex cobordism between any overtwisted (M2n+1

− , ξ−), n > 1, and (S2n+1, ξstd). Then,
the standard sphere can be capped by the complement of any Darboux ball in a closed symplectic
manifold.

1.3 Recalling some facts about Weinstein manifolds

Definition 1. A Weinstein manifold is a tuple (W 2n;ω0, X0, φ0) where (W,ω) is a symplectic
manifold, X is a Liouville field, and φ : W → R is an exhausting Morse function for which X
is gradient-like. We consider deformation classes of such structures up to Liouville homotopy and
allowing for the family φt to develop birth-death singularities.

(W 2n;ω0, X0, φ0) is said to be subcritical if there is some other Weinstein structure (W 2n;ω1, X1, φ1)
in the same deformation class with φ1 inducing a decomposition into Weinstein handles that are
subcritical (of index less than n). (W 2n;ω0, X0, φ0) is said to be flexible if the index n handles (for
some φ1)are attached along legendrians that have disjoint loose charts.

Theorem 4 (Cieliebak). Every subcritical Weinstein manifold has vanishing symplectic homology.

Since every loose legendrian is the stabilisation of some other legendrian, it has vanishing leg-
endrian contact homology. Then the exact sequences relating symplectic homology and LCH show
that:

Theorem 5 (Cieliebak; Bourgeois, Eliashberg, Ekholm; Murphy). Every flexible Weinstein mani-
fold has vanishing symplectic homology.

This phenomenon is coherent with the fact that flexible Weinstein manifolds satisfy a full h–
principle:

Theorem 6 (Cieliebak, Eliashberg). Let (W 2n;ω0, X0, φ0) and (W 2n;ω1, X1, φ1) be two flexible
Weinstein manifolds that agree on their negative boundary and that are in the same almost complex
class. Then they are deformation equivalent.

However, the exact triangle for CH and SH shows that the contact boundary of a flexible
Weinstein manifold still remembers information about its filling. This seems to indicate that even
if there is flexibility, there might still remain some non-trivial symplectic information. Recent work
of E. Murphy and K. Siegel shows goes in this direction:

Theorem 7 (Murphy, Siegel). There are flexible Weinstein manifolds (W 2n;ω0, X0, φ0) that are
deformation equivalent to some other Weinstein structure (W 2n;ω1, X1, φ1) with φ1 not yielding a
decomposition into subcritical/flexible handles and such that some sublevel set φ−11 (C) is actually
not flexible.

The way in which they show that the sublevel set is not flexible is by computing some twisted
version of SH and showing that it does not vanish.
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2 Future work and various conjectures

2.1 Lagrangians and flexibility

The corresponding notion for loose knots – they existence of lagrangian caps – in the standard
sphere was already known:

Theorem 8 (Eliashberg, Murphy). Let (D2n, ωst), the unit ball in standard symplectic 2n–space.
Let K ⊂ (S2n−1, ξst) be a loose legendrian in the unit sphere. If n > 2, there is a lagrangian
L ⊂ R2n \ D2n with ∂L = K.

Let (W ;ω,X, φ) be a Weinstein manifold/cobordism. Let L ⊂ W be a lagrangian such that
∂L ⊂ ∂W is legendrian. We would like to understand what flexibility means for such an object.

Philosophy: Let (W ;ω,X, φ) be a Weinstein manifold. ∆ ∼= W ⊂ W ⊕ Ŵ should be flexible
if and only if W is a flexible Weinstein manifold.

Philosophy: Consider a Weinstein handle attachment along a loose legendrian. The cocore
of the attachment is a lagrangian, that we would like to be flexible in some suitable sense. Do
note that apart from the core and cocore there are other interesting lagrangians involved in this
attachment: the conormal bundles ν∗Dk of some subdiscs.

Definition 2 (Conjectural definition of flexibility). Let (W ;ω,X, φ) be a Weinstein manifold. Let
L ⊂W be a lagrangian submanifold. Suppose that every critical point of φ|L is a critical point of φ
of index n. Assume further that φ|L has no maxima.

We say that L is flexible if any attaching disc for L is disjoint from the loose chart of the
corresponding attaching disc for W .

The hypotheses in this definition make sense in light of the recent result of Giroux-Pardon stating
that Weinstein domains admit a Lefschetz fibration structure over the disc. One could imagine that
an analogous statement could be proved in the relative case to show that some lagrangian lying in
the Weinstein domain can be put in the following special position: lying over an interval passing
through the critical points of the pencil.

Conjecture 3. Let (W ;ω,X, φ) be a Weinstein manifold. Let L ⊂ W be some half-dimensional
manifold that is formally lagrangian and that has legendrian boundary. Then L should be homotopic
as a formal lagrangian to a “flexible” lagrangian.

Note: Recall that loose legendrians are not convex ends of lagrangians without a concave end,
just like overtwisted contact structures are not fillable.

Conjecture 4. The lagrangian flexible class should be characterised by the existence of a relative
h–principle, possibly by allowing movement of the boundary by legendrian isotopies.

Conjecture 5. In a flexible Weinstein manifold all lagrangian are flexible.
In particular, all lagrangian discs with legendrian boundary in the ball should be homotopic.
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